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Abstract

The greater numbers of internet users the greater challenge will be tackled by ISP to provide
good services but gain maximum profit. By analyzing Cobb-Douglass utility function we will obtain optimal
pricing scheme. This research is based on previous research conducted by [1]. Wu and Banker [1]
analyzed modified Cobb-douglass utility function and obtained optimal model of flat fee and two part tariff
for homogen consumers meanwhile we focus on getting optimal pricing scheme model by using original
Cobb-Douglass utility function. The first step to conduct this research is by formulating Cobb-Douglass
utility function then analyzing that function. The results show that we obtain optimal pricing scheme model
for homogenous and heterogeneous consumer cases. The two-part tariff pricing scheme yield better
optimal solution rather than flat fee and two-part tariff pricing scheme regarding with homogen consumers
and heterogen consumers based on willingness to pay. For heterogeneous consumers based on
consumption level, the optimal pricing scheme is on two-part tariff pricing scheme.
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1. Introduction

Nowadays, internet development increases fast so this condition increases the users to
use the internet. Internet Service Provider (ISP) has to provide best services with optimal prices
for the consumers. ISP needs not the best utility function not only to gain profit for itself but also
to pursue the consumers applying the service provided by ISP. Previous works regarding the
pricing strategies to maximize the ISP profit are due to [2, 3]. According to [4], the utility function
usually connects with level of consumer satisfaction to information service consumption which
can maximize the profit to achieve certain objectives.

There is a lot of assumption to be applied to the utility function but the researchers
usually use the bandwidth function with fixed loss and delay and follow the rules that marginal
utility as bandwidth function diminishing with increasing bandwidth [5-15]. The other reason
dealing with the choices of utility function is that the utility function should be differentiable and
easily to be analyzed the homogeneity and heterogeneity that impacts the choice of pricing
structure for the companies. Kelly [16] also contends that the utility function also can be
assumed to be increasing function, strictly concave and continuously differentiable.

There exist some utility functions, but we need the utility function that can fulfill

consumer satisfactions. Previous work on utility function is due to [1]. In their explanation, the
results show that flat fee and two-part tariff pricing scheme yield the optimal solutions using the
modified Cobb-Douglass utility function.
The contribution of this paper basically is to analyze the original Cobb-Douglass utility function
to obtain optimal solution of information service pricing scheme. The optimal solutions can be
different from what the previous work done by previous researches in terms of the utility function
chosen and the analysis in finding the best of three pricing strategies. Comparison of the
results between original utility function and modified will be conducted to observe which utility
function offers best maximum prices to consumers.

2. Research Method
The steps in conducting the research are as follows.
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1.Apply the original Cobb-Douglas utility function on three internet pricing schemes which are
flat fee, usage-based and two-part tariff for homogen and heterogen consumers that
previously described by [1].

2.Analyze the utility function forms analytically.

3.Compare the obtained model analysis of those three pricing schemes.

4.Compare the obtained model analysis using original Cobb-Douglas utility function with
modified Cobb-Douglas utility function proposed by [1].

5.Conclude and obtain the optimal model of information service pricing scheme.

3. Results and Analysis
The parameter and decision variables are adopted in [1, 17]. We use the original Cobb-
Douglass as follows.

UX,Y) = xXoy?
The following are the analysis of Cobb-Douglass utility function for three pricing

strategies. The analysis follows the steps of [1].

3.1 Homogen Consumer
Consumers Optimization problem (adopted in [1])

maksyy;X*+Y? - PX —PBY — PZ (1)
Such that

X <Xz (2)
Y<Yz 3)
X*+Y’-PX—-PBY—-PZ>0 (4)
Z=0or1 (5)

ISP optimization problem:
maxpp, p, 2i(PxX* + PyY* + PZ") (6)

where (X* Y*Z*) = argmaks X* +Y? —PX —P,Y — PZ

such that Constraint (3)-(5)

We proceed to Lemma 1a-9a as the lemma improved from [1] using original Cobb
Douglass utility function.

Case 1la. if providers apply the flat fee rate by setting up P, = 0, P, = 0 dan P > 0, it means that
the price set up by providers does not have an impact to time usage (peak or nonpeak hours)
so, our homogenous optimization problem will be

maks = X“Y? — P.X = B,Y = PZ = X°Y® = (0)X — (0)Y = P(1) = X°Y* — P

Using Eq. (4), we obtain X*Y? - P.X —P)Y —PZ >0 & P < X"

Then the provider problem will be
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maxppy p, = Soey(PX* + BY* + PZ*) =X1_ ((0)X* + (0)Y* + P()) = X_, (X" + (0)Y* +
XaVb=i=1/XaVs

When the function can maximize X,Y, and Z then the consumers will fully utilize the
services by choosing consumption level X = X dan Y = ¥, which is maximum usage level with
maximum utility, so that the consumer can get the price X¢¥?. Maximum flat fee rate provider
can charge is X*Y? with maximum profit of Z{ZI[J?“W’]; where | shows the number of
consumers. According to this case, we obtain the Lemma 1a.

Lemma la: If the providers apply flat fee rate, then the charges will be X*Y? and maximum
profit obtained will be ¥./_,[X?Y?]; where ishows the number of consumers.

Case 2a. If the providers apply the pure usage base price by setting up P, >0,P, >0 and
P = 0 then the providers give different prices which are peak and nonpeak hour prices. Given
the function mX%lgs = XYY - pX — P,Y. To maximize that function we will apply necessary and

sufficient conditions as follows.

a(x%yP—pyx-P)Y)

0] The necessary condition. P

=0,s0 a X%y’ = p, (7)

1
o xvl= g xr = (—P")E

ayb ayb
(i) The sufficient condition:
2(x%yP-p,x—P,Y a-1yb_
GV P S 0 28XV 2P _ 4(a— 1) X42YP > 0;a,b > 0
ax x

It means that P, = a X*~'Y? is minimum price.

and
(X2 b_ X —
(i) The necessary condition. *7Y 6I;X BV _ 0,so b xXeyb-1 = P, (8)
1
o yris B yes (D)
bxa bxa
2/yayb_ _
i The sufficient condition: O XTY PeX-PyY) >0
(if)

aY?

(b x*yP~1-p))

— =b(b—-1)XY"2>0;a,b>0

It means that P, = b X2Y?=1 s minimum price.
Then the provider problem will be

j j 1 1
ZPX*+PY*)—Z P R, B
PVT}T}Q)P( (Px Y = X a(l)y(b) Y 1 a)

i=1 i=1 a-1)Y\a-1 b(b—l)X b-1.

d@)y(a=) p(E=1)x(557) T G
bXa¥bv—11+ 16—1616—1Xab—1

— yJ
T 4i=1
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i Xay(’“r =) N b(l 1)X( 5o1)yb
(=) x 55

i=1 a 1)Y(%)

j a(1+ )XaYbY( 2 ) b(“’b 1) Xax(b 1)yb
— J
N MR 4&M%)}+{ NEspEs H

i[{ vatrat) yoyoylatieat) 4 (o 4 atuts) pexleEstoe)

i=1

= ¥/ [{a X2Y?} + {b X°Y"}] = £ (a + b)[X°Y?]

It means that if the service provider wants to maximize their profit, they have to
minimize P, and P,. Since X <X and Y <Y, then X* =X and Y* = Y. So optimal P, and P, will

be P, = aX*'Y? and P, = bX?Y"~* with maximum profit of Z{zl(a + b)[X?Y?] ; where i shows
the number of consumers. According to this case, we obtain the Lemma 2a.

Lemma 2a: If the provider would like to apply usage-based pricing scheme then the optimal
price will be P, = aX*"'¥Y? and P, = bX*¥>~* with maximum profit of ¥:_, (a + b)[X*Y"] ; where
i shows the number of consumers.
Case 3a. The providers apply the two-part tariff price by setting up P, > 0,P, >0 and P > 0, it
means that we have subscription fee if the consumers choose this service and the prices is
during the peak and nonpeak hours.

By using the Eq. (8) and (9), substitute those equations into Eq. (4) which is the
constraint of consumer optimization problem. So, the constraint will be

XYP —PX—-PY—-PZ 20& XY° - (aX*YD)X - (b XYY -P >0

& X%P —aX®YP —pXYP-P>0 & P< XY —aXoyb —pxoy?

The provider optimization problem will be

maxppy py, :E{=1(PXX* +PY"+PZ7)
P. (ﬁ) P (ﬁ)
Py (=222 ) 4 p, [ 22 ) + (X9YP — a XOYP — bXOYD)
a@1y(@D) p(5=1)x (557

i P (1+3%2) po(1+527)
— J X Yy ayb ayb __ ayb
‘iﬂK%m%J*”@%MMD (X7 = a XY= DX

—3J
T 4i=1

+ (X9Y? — g XoyP — pxayb)

z’: (axa 1yb) (b xayb 1)(1+b )
b
i=1 a 1 (bal)
. (1+239) ya w(at525)yb
= l{=1 [{a X Y + ab)l Y }+ (XaYb —aXxaeyb — bXaYb)
b 1
. (1 a— ayb %) b
=y, H“ @)y Y + ab e }+ (X9YP — q XoYP — hX°YP)
m
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= Y [{a X%Y"} + {b XY} + (X°Y? — a X°Y? — bX°Y?)] = ¥I_ [ X°Y?]

Since we know that P, and P, decrease, then X* and Y* will increase. However, since
X<Xand Y<Y, then X*=X and Y* = Y. In other words, optimal P, and P, yang will be
Po= aX%'Y?, B, = bXY"tand P =X"—-aX*Y? - bX°Y". That is why, the maximum
profit achievable of service provider is Z{zl[X“Y”]; where i shows the number of consumers.
According to this case we obtain Lemma 3a.

If we assume that aX?¥Y? > X%¥? and bXeY? > X°Y?, then (a + b)[XY?] > [Xe¥?];
a,b > 0. So, the maximum profit obtained by ISP will be when they apply usage-based pricing
scheme.

Lemma 3a: If the service providers apply two-part tariff scheme, the best P, and P, will be
P, = a X% 'Y, B, = b X°Y""'. Maximum fixed value P ISPs provide is the differences between
consumer maximum that can be obtained, X*Y?, and payment for utilizing the service, (a +

bXarh. So, the maximum profit for ISP will be /=1 Xa¥s where i shows the number of
consumers.

3.2. High End and Low End Heterogeneous Consumers

Assume that we have m high end consumers (i = 1) and n low end consumers (i = 2).
To learn how the willingness to pay affects the pricing scheme, we assume that each
consumers have the same upper bound in during peak hours and Y during nonpeak hours,
a, > a, dan b; > b,.

Consumer optimization problem will be:

Max (X, Y;, Z) X;"Y,"" — P.X; = BY; = PZ, (9)

Such that
X< X2z (10)
Y, < Yz (11)
X %Y" — P.X,— PY,—PZ; >0 (12)
Z;=0ataul (13)

Provider optimization problem will be:
Max p p, p m(PX:" + BYy" + PZy") + n(PX," + BY," + PZ,") (4.14)
with (X;*, Yi",Z;") = argmax X;“Y," — P.X, — B,Y; — PZ,

such that
X< XZ

v, <Yz
X %" — PX,— BY,—PZ; >0
Z;=0o0r1

We discuss the way to determine the maximum profit for each pricing scheme provided
by service provider.

Cobb-Douglass Utility Function in Optimizing the Internet Pricing Scheme Model (Indrawati)
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Case 4a. If the providers use the pure flat fee price by setting up P, =0,P, =0 and P > 0, it
means that the price that price that providers use will not affect the consumption time (peak and
off peak hours), then the consumers can select maximum level of consumption X; = X, X, =
X,Y,=7Y,and Y, = Y. So, each high level consumer will be charged P < X% Y1 and low
level consumer is of P < X% Y%z The case 4a is flat fee scheme so P or its price is referred to
both heterogeneous consumer types. If we set up a; > a, then the prices for high level
consumers will follow the prices for low level consumersa, > a, © X% > X% ,b; > b, ©
Xb1 > kb2

Assume that (m)X* ¥P1 < (m +n)X% Y?2 . it means, if P = X% ¥P1, than only the high
level consumers can adopt this service. If P = X%Y?2, then both consumers can adopt this
service. So, to maximize the profit, the providers will chargeP = X%2Y?2

So, the providers optimization problem will be:
Maks p m( PZ;*) + n (PZ,") = m(X% VP2 ) + n(X%2¥P2 )= (m+n) (X%2¥P2)

So the attainable maximum profit of providers will be (m +n)(X%Y?2 ); m is the
number of high level consumers and n is low level consumers. According to this case, we obtain
Lemma 4a.

Lemma 4a:lf the service providers apply flat fee scheme, then the price that providers can
charge is X% Y2 with attainable maximum profit of (m + n) [X%2 ¥b2].

Case 5a. if the providers use usage-based scheme by setting up P, >0,P, >0 and P =0, it

means that the providers use differentiation prices, peak price and nonpeak price. Then:
The optimization problem of high end heterogeneous consumers will be:

Maks xy, = X, ¥," - B.X; — BV, (15)

To optimize the price we use the necessary and sufficient conditions:

. e X M1y P1opox Py . .
(i) For necessary condition 22211 — =5 _ ), then from the differential process
1
we obtain:
1y b 1 P. P. !
a; — _ a -1 _ X * __ X a1 -1

a X"t =P e X = ayv, b1 X = (alylbl)al 1x (16)
. - e 02X,y P1opox, - Py,
(ii) Sufficient condition, Z& "1~ Xt B o

0X,2
F) ai -1y bq _ _
PN (a1 X1 Yy Px) =a (a1 _ 1)X1a1 2Y1b1 > 0; a1’b1 >0

ax,
It means that P, = a; X;% ~'Y¥,;*is minimum price and

(X, v, b1 - PeX - PyYy)

(i) Necessary condition. T = 0, from the differential result we
have : )
b X, M " =B, o = blgal oY = (blzai e an
(ii) Sufficient condition
PO IP P ) 5 o BTN ot s 0

a;,b; >0

It means that P, = b; X, ¥,?1 71 is minimum price.

TELKOMNIKA Vol. 12, No. 1, March 2014: 227 — 240



TELKOMNIKA ISSN: 1693-6930 W 233

The optimization problem of low end heterogeneous consumers will be:

MakS XY,Z e X2a2 + Yzbz - PXXZ - PyYZ-

To optimize the prices we use the necessary and sufficient condition as follows.

(i)

(ii)

The necessary condition

A(X,%2 v,02 - p X, — P, Y. . .
Xz 2 Yo ? - PeXa” Fy¥a) _ 0, from the differential result we have:

ax,
1
a, X, _1Y2b2 = P, © X,* = az}:,zbz X, = (azf,);cbz )a2—1 (18)
The sufficient condition
P 21502 PXam By) ) o 2@ X2 TG ) gy a2y by s
X, X,
a,,b, >0

It means that P, = a, X, ~*Y,"2 is minimum price and

(i)

(ii)

The necessary condition

A(X;%2 Y,02 - PyX,— PyYy)

%, = 0, from the differential result we have:

1
_ _ P. P by—1
S R e A (e 1
2 X221 v 2 by %, 2 bo%, (19)

The sufficient condition

92(x,%2 v,b2 - p x,— P, a( by x,%2v,P2-1_p _
( 2 Zayzx 2 y 2) > 0 P ( 242 ayZ y) — bz (bz _ 1)X2a2 YZbZ 2 > 0
2 2

a,,b, >0

It means that P, = b, X, Y,?2 71 is minimum price.

(i)

This analysis can be applied to peak hour and off peak problems.

For problem during peak hours :

The providers should minimize P,; P, < a, X;% ~'¥,”* to maximize objective function
(15). On the other, if the providers already set up the price P, < a, X,* ~'Y,”2, then
the profit is not optimal if X;* < X or X,* < X. So, the best price P, will be
a, X,27'Y,P2 < P < a; X, 7ty

For problem during off peak hours:

The providers should minimize P,; P, < b, Y,’171X,%, to maximize objective
function (15). On the other hand, if the providers set up P, < b, X, Y,?271 then
there is no optimal profit if v;* < ¥ atau Y,* < Y. So, the best P, price is
b, X,2Y,"2 7' < B, < b Y, 7TX, .

When the price is in interval a, X,%7'Y,”2 < P, < a, X, 7', and b, X,"2V,’27t <

P, < b, Y;"*7'X,%, the demand of high end consumers will still remain at a X and ¥, meanwhile
the demand of low end consumers will increase gradually since the price goes down. So, both
consumers (high end and low end) can apply this service with optimal price for peak hour is
P, = a,X,"7'Y,” and the off peak hour optimal price will be B, = b, X, Y,"2~*.

The provider optimization problem will be:

Maks p,p, m(PX:" + BY,") +n (PX," + PY,")

Cobb-Douglass Utility Function in Optimizing the Internet Pricing Scheme Model (Indrawati)
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=(m+ n)

, ( @) >+ . ( p 52) )l
) az(a21 1)1/2(“}2]2 1) g b, (ﬁ)xz(%)

az 1 >+ ( Py(1+b21_1) )l
az a2 1 Y, a2 1 by (bzl—l)xz(blzlz—l)

Px a2 1 py(bsz—l)
(ot s
ll2 1 Y, az 1 b, by -1 Xo by -1

(m+ n)

(a Xaz 1Y bz)(a2 1) (bzxzazyzbz—l)(bf—z—l)
+

az —1 afz—l) b2 (172;—1)X2 (bg—z—l)

( e o)) (o i)
=, ) ) )

= (m + Tl) [a2X2aZY2b2 + b2 X2a2Y2b2] = (m + Tl) (az + bz)[XzaZYZDZ]

= (m+ n)

(m+ n)

The optimal price for peak hour will be P, = a, X(%2~Dy?%2 and off peak hour optimal
price will be P, = b, ¥z =D X4 with maximum profit of (m + n)(a, + b, )(X* ¥*2). According to
this case, we obtain Lemma 5a.

Lemma 5a: If the provider use usage-based price, then the optimal price for peak hour will be
P, = a, X@2~VYP2 and off peak hour optimal price will be B, = b, Y’z "DX% with maximum
profit of (m +n)(a, + b, )(X% Y?2).

Case 6a. If the providers use two-part tariff then P, > 0, P, > 0, and P > 0. First order condition
to optimization problem of high end/low end consumers is by using Eq.(16)-(19). Eq.(16) and
(18) are high end consumer demand curve and low consumer in peak hour. Eq. (17) and (19)
are the demand curves of high end and low end consumers during off peak hour. If a; > a,

then high end price will follow the low end price, then a, (m) < a, (m+n) © a; < 2

It means that the consumers will be charge of P, = a, Xl(“l‘l),Py = b, Yl(bl‘l)Xla1 and
P=X,"1Y,"1-(a; +b;) (X, ¥;"*), then high end consumers will adopt this service. If the
consumers price are P =a,X,27'V,"2, B, = b, ,"27'X,*2 and P =X," V,"2- (a, +
b2 X2a2 Y262, then both consumers can adopt this scheme. This is due to many consumers

see that subscription fee as barrier entry, then the providers can select to decrease this barrier
entry to attract consumer’s attention. Then to maximize the profit, the providers charge

PX = az Xzaz _1Y2b2 ) Py = bz Yzbz _1X2a2 and P = X2a2 Yzbz - (az + bz )(X2a2 Yzbz).
The provider optimization problem will be:
Maks p p, m(PX," + BY," + PZ,") + n(PXy" + BY," + PZ,")

=mla, X% ¥?2 + b, X% VP2 + {X,2Y," - (a, + b, )(X,*2Y,"2) }]
+ nla; X% V%2 + b, X2 702 + {X,%2Y,%2 - (a, + b, )(X,%2Y,%2) }]

= m(X%2 7% ) +n (R ¥P2) = (m +n) (X% 7P2)
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Lemma 6a: If the providers use two-part tariff scheme, optimal P, and P, will be a, X%2~1Y"z,
b, X% VP71 and P =X,"2Y,"2-(a, +b,)(X,%2Y,"2), with attainable maximum profit of
(m+n)[X%2YP2].If a, X*2 > X% and b, Y?2 > YP2then(m + n) (a, + b, )(X%2 YP2) >

(m+n) [X%2YP2]; a,,b, > 0. That is why, if there exist two type of consumers based on
willingness to pay then the usage-based price is better than flat fee and two-part tariff schemes.
So, the usage based price always benefits and dominates the pure flat-fee and two-part tariff
schemes. For high end and low end consumers based on willingness to pay, the providers
should set up prices that encourage the consumers to consume much. If the set up price follows
for high end consumers then the providers will lose the low end consumers. If the set up price
follows the low end consumers, then both consumers can adopt the scheme.

3.3. High Demand and Low Demand Heterogeneous Consumers

For example, we assume that there exist two types of consumers which are high
demand consumers (type 1) with maximum consumption level of X; and ¥; and low demand
consumers (type 2) with maximum level of consumption X, and ¥,. There are m consumer of
type 1 dan n consumer of type 2 with a; = a, = a and b; = b, = b.

The discussion about to obtain the maximum profit for each pricing scheme applied by
providers is as follows (follows from [1]).

Case 7a. If the providers would like to apply flat-fee scheme then providers will set up P, =

0, P, =0and P>0. it means that this scheme will have price if high and low demand

consumers choose to join the scheme then the consumers will fully utilize the scheme by

choosing the consumption level of X; = X;, ¥; =V, or X, = X,, Y, = ¥, with maximum utility

X,°7," or X,°%," (high and low level consumers, respectively). Then, the providers will give a
. . . o as b

price to each high consumption level consumers of P < X; Y, and each low level consumer

which is not more than P < )?ZaYZbas flat fee service. Since we assume that the providers
cannot differentiate the high and low level demand consumers and have to charge the same

price for both consumers then the providers should set P = XlaYlb by only serving the high level
demand consumers or fixing the price P =)?2a}72bto serve two type of consumers. If we
assume that m()?lal_/lb) < (m+n) ()?ZaYZb), then the providers can set up P = X,°,” and
serve both consumers with attainable maximum profit of (m + n) (}?Zal_/zb). According to this
case we proceed to Lemma 7a.

Lemma 7a : if the providers use the flat fee scheme, then the fixed price will be P = )?za}_’zb with
the attainable maximum profit of ()?zaYzb).

Case 8a. if the providers use usage based scheme by setting up P, > 0, P, > 0, and P = 0, then
the providers provide the differentiation prices which are peak and off peak hours. First order
conditions for optimality of consumers of high and low demand level will be

For high demand level consumers:

MakS XY, Z = Xlaylb— PxX]_ - Ple
To optimize the prices we use the necessary and sufficient conditions as follows.

(X121 - Pyx1— PyYy)

0] Necessary condition. % = 0. From that differensial, we have
1
1
aX, " = P X = () (20)
1
(i) Sufficient condition

Cobb-Douglass Utility Function in Optimizing the Internet Pricing Scheme Model (Indrawati)
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2(X1% 1P - Pyxy— PyY1) 3(ax,* v P Py

_ _ a-2y b .
% >0 Pra =a(a—1X,*7°Y,° >0;a,b >0
and
(i) Necessary condition
ay b _ _
8¢ 1 ai"xl 5" _ 0. From that differensial, we have
1
_ M P 1
bR = B o 1 = (52) (21)

(iii) Sufficient condition

02(X,%; Y - PeXy— Py Y1) abv;1P71x,%-py)
2 >0 —=
v, v,

=b(b-1)Y,"72X,% > 0;a,b > 0
For low level heterogeneous consumers:
MaX XY,z = XzaYZb_ PXX2 - PyYZ

To optimize the prices we use the necessary and sufficient conditions as follows.
(i) Necessary condition

(X220~ PyXo— PyYy)

= 0. From that differensial, we have

ax,
aX," W, = Poo X, = (Q’Z,,) o (22)
(ii) Sufficient condition
PO P o 2" g (g 1)X,%2Y, > 030,b > 0 and
(i) Necessar; condition ’

(X2 %Y,P- PyXo— PyYy)
aY,

= 0. From that differensial, we have

1
PRI = B o Y = (C) (23)
2
If we assume that m(X,) < (m + n)(X,), then the providers can fix P, = a X,* '¥,” and
P, =b Y,?~1X,% which serve high and low consumption level consumers.
The provider optimization problem will be

1 1
i, MBS BN+ 0 (B 5 ) = (0 (2555 1 ()

a b
an—l P b-1
1 b 1
aa-1Y,a-1 b -1X,b-1

=(m+n)

It is given that as long as P, and P, decrease, then X;", X,", ¥;" and Y, will increase.
However, sinceX;, X,, ¥; and Y, are subjected to X;, X,, ¥; and ¥, then the best P, and P, will be

aX," "7, dan bX,* 7," with attainable maximum profit
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_a_ b o a-1.b agl b-1, q\b-1
P,a-1 P,b-1 a X, Y b X X2
(m+n) |[F——F+—=—=|= (m+n) ( 1 b) +( T |
a@-17,a-1 b1 X, b1 a@-17,a-1 b1 X,5-1
a a b b
=1 ¥ (a—1)(T1) ph=1. ¥ (b—l)(m) — a—=b
(m+n)|= 1'}? — 1'2 — = (m+n)(a+b) [XZMY2 ]
aa-1Y,a-1 bb-1 X,b-1

So, if the providers use the pure usage-based scheme, then the peak hour optimal
prices will be P, = aX,” " and in off peak hours will be P, = bYZb_1 with attainable maximum

profit of (m + n)(a + b) [)?ZaYzb]. According to this case we obtain Lemma 8a.

Lemma 8a : If the providers apply usage based price, then the peak hour optimal price will be
P, = aX,7'7," and the off peak hour optimal price will be P, = b¥," '%,*. The maximum

profitis (m + n)(a + b) [)?Zal_/zb].

Kasus 9a. if the providers use Jika two-part tariff, . >0, P, > 0, and P > 0, the first order
condition for optimization of high end/low end consumers is by using Eq. (20)-(23).

Itis known that X; > X, & aX,*'v,? >bX,27'v,”, the best P, = aX,*"'Y,” fixed
by the providers. Then the high and low level consumption consumers can adopt. If they use
P, = aX,% 'Y, then the providers can only attract the high level demand consumers only. It
occurs also for off peak hour price, P, = b X,* Yzb_:l is the best off peak hour price.

By using Eq.(15) , we have

X" = BX, = BY, = PZ 20 & X, " — (aX,* " )X, - (bX,°0" 7 )= P20
o X,%," — aX, %Y, — bX,*Y,’ —P >0 o P <X,*Y,’ — aX,%Y,’ — bX,%Y,"

= = - a— - a= — a=D>b
karena X,* < X, dan X,” < X,, maka P < X,°7,” — aX,°?,” — bX,°7,
The optimization problem of the provider will be

Max p,p, p = m(PX,"+ PY," + PZ*) + n (PX," + BY," + PZy")

=m|(ak 7B ) R+ (b5 BT+ {28 - ak,'R - b, R
+n (a5 ) K+ (05,5 ) B+ (B - ok, T, - b)?zaYZb}]

=m[(a)?2“‘172");?1 + (b;?z‘l?zb‘l) 7, + {)?2“7;’ — a%,'7,” - b)?zaYzb}]
+n [(a+b))?2a172b + {)?2“172” — aX," - b?zb}]

= m[(a)?za_172b))?1 + (b)?ZaYZb_l)Yl + {Xﬁzb — a%,7," - b)?zaYzb}] +n (;?2“72") =
m|[(a% 7R") (% - %) + (b5, "%, ) (B - T)| + m+n) (%, F,")

It means that the providers use two-part tariff scheme by setting up P, > 0, P, > 0, and
P > 0, then the providers can determine the optimal price P, = aX," '7,”, P, = bX,"7,""", and
subscription fee P which equals to low level consumers surplus, so we can obtain maximum
profit of m [(a)?za_l}_’zb) X, —X)+ (b)?zaYZb_l) (¥, - 172)] + (m+n) ()?za )_’Zb). According to this
case, we obtain Lemma 9a.
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If X>0andY >0, then m|(a "' " ) (X - %)+ (b %" B"7) (% - %,)]+
(m+n) (}?za YZD) > (m+n)(a+b) [Xzal_/zb] > (m+n) ()?ZaYzb). So, two-part tariff scheme

offers better price compared to pure flat fee and pure usage-based scheme for high demand
and low demand heterogeneous consumers.

Lemma 9a: If the providers use two part tariff scheme, optimal P, and P, will be a)?za_leb dan
bX, 7", respectively and P = %,°%" - ak,7," - b)?za}_’zb. So, the attainable profit of
providers will be m [(aX,""'%,") (%, — %) + (b%,"%," ") (F, = )] + (m+n) (X,° 1,") that is
larger price compared to attainable price by flat-fee or usage-based scheme.

The comparison between original Cobb-Douglass with modified Cobb Douglass
proposed in [1] is presented in Table 1 as follows. The analysis to seek for the advantage of
using original Cobb-Douglass is explained as follows.

1. For Homogenous Consumers, if we assume that
a. aX®> alog(X+1);a>0then aX?®>alog (X+1) e loge®@ > log (X + 1)°.
b. b7 > blog(Y +1); b > 0then b¥? > blog (¥ +1) < loge®™ > log (¥ + 1)P.
S0,aX*+ bY? > alog (X +1)+blog (Y +1)
We obtain maximum profit by adopting original Cobb-Douglass.

2.  For High-End dan Low-End Heterogeneous Consumers
If we assume that
a. a,X% >a, log(X +1);a, > 0,a,X% > a, log(X + 1) < loge(@X**) >
log (X +1)%

b. b7’ >b,log(T+1); b, >0then b, 7% > b, log(Y +1)  loge®27"? >
log (Y + 1)b2

So we obtain a, X% + b, Y%2 > a, log(X + 1) + b, log(Y + 1) and obtain maximum profit
by adopting original Cobb-Douglass.

3. For High-Demand dan Low-Demand Heterogeneous Consumers
| we assume that

a. (a)?za_l) X, -X%)> ﬁ(il —X,);a>0then X,” > alog(X, + 1);a >0

_ _ _ 1 _ 1 — a
X, <XieX2=eX>= e aX, > =
2= 2= X, 27X 41 27X 41
v a-1 a v a-1 4 o a T v
(=4 aX2 > m (=1 (aXZ ) (Xl - Xz) > m(Xl - Xz). NeXt,
%% > alogX, +1) o loge®) > log (X, + 1)°

Sb-1\ ;5 o b 5 o b >
b. (b%"7") (h~ %) > 725 ((,~%); b > O then V,” > blog(F, +1); b >0

f<lolhst o> obl> 2o bt s 2
2= 2Ty, 2TV 41 A 2 Y, +1
Ad (bl?zb_l) h-1)> = b ((h—1))

7,° > blog(¥, + 1) & loge(") > log (7, + 1)”
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We  have  m|(ak,"") (R - )+ (b7, ) (B - T)|+ m+m) (X7 + 7,") >

m [ (B =) + 52 (R - B)| + (m+mlalog(R, +1) + blog(%, + 1))

Again, we obtain maximum profit by using Cobb-Douglass utility function.

Table 1. Comparison between Original Cobb-Douglass and Modified Cobb-Douglass

Consumer type Original Cobb-Douglass Modified Cobb-Douglass
Xe+vy? alog(X +1)
Standard form +blog(¥ + 1)
Pricing Scheme Usage-Based Flat-Fee atau Two-Part Tariff
Homogen Consumer Price P, = aX*'and Py = pyb-t P = alog()? +1)+ b ]Dg(}7 +1)
Maximum profit for Z[a)?a +b7?] Z[a log(X + 1) + blog(¥ + 1]
provider T T
Pricing Scheme Usage-Based Flat-Fee atau Two-Part Tariff
P.= a,X% ' and P, = b, ¥P27! P=a,log(X+1
Heterogen High- Consumer Price x = andfy = b + baz] og(X +1)
, log(Y + 1)
End dan Low- ) .
End Maximum profit for  (m +n) (m+n)
provider (ay X% + b, YP2) [a, log(X + 1) + b, log(Y + 1)]
Pricing Scheme Two-part tariff Two-part tariff
. - a-1 b-1 b
Consumer Price P, = aXza and P, = bY, P, = )?1a+1 and P, = e
o a-1 = = a — —
Heterogen High- Zl}/[z(;j(;y] )}gl - XZ)/I'; o m [)?1 T K X)
LDem%nd dar(lj Maximum profit for tmtndiat + b (- T, ))]
ow-Deman provider n+1ot

+ (m+n)[alog(X, + 1)
+ blog(¥, + 1)]

4. Conclusion

The main purpose of this paper is to aid ISP to determine the best strategy to be offered
to consumers with optimal prices. The previous work done by researchers does not solve the
problem of pricing strategy when ISP adopt flat fee and usage based scheme with or without
subscription fee.

We found that the marginal and monitoring prices can be neglected for monopoly
supplier with homogen consumers, pure usage based price is better than fat fee and two-part
tariff since supplier gets maximum profit.

In case of heterogeneous marginal supply based on the willingness to pay, the usage
based price can extract all low end consumer surpluses and leave the surplus only for high-end
consumer if it is in company’s benefit to serve the consumer. However, the flat-fee and two-part
tariff prices can only extract all surpluses from low-end consumers.

If we compare to modified Cobb-Douglass proposed by [1] by using original Cobb-
Douglass, we obtain maximum profit using the original Cobb-Douglass in some cases including
pricing strategy, consumer price and maximum profit obtained by providers.
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