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 In this paper, an attenuated-chattering adaptive second order variable 

structure controller (ACASOVSC) is proposed for mismatched uncertain 

systems using a Moore-Penrose inverse method. The key achievements of 

this study include three tasks: 1) influence of the chattering in control input 

is diminished, 2) finite-time convergence of system states is guaranteed, 

and 3) external disturbance is generally assumed to be unknown in advance. 

Firstly, a switching manifold which comprises only output information is 

defined. Secondly, a reduced-order variable structure estimator (ROVSE) 

with lower dimension is designed to reduce the computation burden and 

enhance the robustness. Thirdly, an adaptive approach is used to guess the 

upper bound of the unknown exogenous disturbance. Next, an ACASOVSC 

is investigated for attenuating the chattering phenomenon and stabilizing the 

system. Then, a novel linear matrix inequality (LMI) constraint by the 

Lyapunov technique is given such that the plant is entirely invariant to 

matched uncertainties and asymptotically stable. Finally, a mathematical 

illustration is simulated, which exhibits the usefulness and the feasible 

application of the proposed method. 
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NOMENCLATURE 

𝐴𝑇 transpose of the matrix 𝐴 ‖𝑥(𝑡)‖ norm of the state vector 𝑥(𝑡) 

𝐴−1 inverse of the matrix 𝐴 𝐵⊥ perpendicular complement of matrix 𝐵 

𝑥(𝑡) states of the system 𝐸𝑔 Moore-Penrose inverse of the matrix 𝐸 

𝑦(𝑡) output signal 𝜆𝑚𝑎𝑥 maximum eigenvalue 

𝑢(𝑡) sliding mode controller 𝛽0, 𝛽1, 𝛽2 unknown bounds of the uncertainties 

�̇�(𝑡) external disturbance 𝛽0, 𝛽1, 𝛽2 adaptive gain’s estimation errors 

𝑠(𝑦(𝑡), 𝑡) switching manifold function 𝜁(𝑥, 𝑡) matched non-linearity of system 
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1. INTRODUCTION 

Variable structure control (VSC) with sliding mode, also called sliding mode control (SMC), 

is renowned for its robustness property to plant parameter fluctuations and the exogenous perturbations [1]. 

Owing to these advantages, many results associated with different types of SMC such as integral SMC, 

robust backstepping SMC, terminal SMC, and disturbance observer-based SMC [2]-[5]. Moreover, SMC has 

been successfully utilized to many practical engineering problems such as mechanical systems, wind turbines, 

power converters, induction motor drives, aircraft pitch control, fuel cells, anesthesia regulation, robotic 

manipulators, and vehicles [6]-[14]. Unfortunately, the main drawback of SMC is the unwanted high-frequency 

vibrations known as chattering phenomenon in control input. This phenomenon is generated by the 

discontinuous control signal and is very dangerous to the electromechanical plant’s actuator [15]. Although the 

VSC in sliding mode has the remarkable achievements, in general, there are still three tasks that should be 

solved for SMC design. These involve: 1) chattering phenomenon removal: a novel SMC design not only 

ensures the finite-time stability of the plant but also suppresses the undesired chattering in control signal; 

2) finite-time stability: state variables of the closed-loop plant should be converged to zero in finite-time; and 

3) unknown external disturbances: in practical systems, an upper limit of the external perturbations is 

difficult to achieve advance knowledge.  

For the above first task which should reduce the influence of chattering in the VSC systems, a 

boundary layer design which was developed in the paper [16] is undoubtedly the simplest technique. In this 

way, a discontinuous sign function is approximated by a smooth continuous function in an area named the 

margin layer around the switching surface. However, the margin layer design technique could not guarantee 

the asymptotic stability and the sacrifice of control exactness [17]. One solution to cope with the chattering is 

to replace the boundary layer design technique with well-known second-order sliding mode control 

(SOSMC) method. The concept of SOSMC methodology was first developed in the 1980s by [18]. 

The SOSMC technique and their applications have been widely applied in recent years, such as [19] and the 

reference therein. Cheng et al. [19] proposed controller for a class of uncertain dynamical structures with 

nonlinearities and known disturbance by using well-known linear matrix inequality (LMI) theory. 

Nevertheless, the state variables of the plant could not meet to zero in finite time.  

For the above second task that must ensure the finite-time stabilization of the closed-loop plant, 

numerous applications of SOSMC have been reported in the published papers [20], [21]. Mathiyalagan and 

Sangeetha [20] presented a fractional switching surface based-SOSMC for nonlinear fractional-order systems 

satisfying the finite-time reachability condition. By creating a tangent-type barrier Lyapunov method, a novel 

SOSMC construction scheme was established in a step by step for handling the output constraint problem [21]. 

However, in these researches, the obtained results were not considered the external perturbations and a subset 

of the system’s state information was assumed to be availability which cannot be measured directly or the 

available sensor prices are very expensive. In addition, a serious limitation of these controllers is that the 

chattering phenomenon is not reduced. These issues are also the third task which will be solved in this paper. 

For the above third task which will solve unknown external perturbations, this problem has been 

investigated by researchers [22]-[24]. In [22], by using homogeneity approach, authors investigated the 

smooth super twisting algorithm that ensures the robustness and performance parameters for the linear time 

invariant systems. A state feedback controller was designed in [23] for perturbed dynamical structures that 

considers matched and unmatched exogenous perturbations. A controller was explored in the work [24] for 

attaining finite-time stability and reducing the chattering in control signals for nonlinear uncertain systems. 

However, the authors in these researches only consider the known disturbances which bounded by the output 

information or the state variables with the upper bound of the advance knowledge scalar. In practical control 

plants, an upper limit of the external perturbations is difficult to achieve advance knowledge. 

Motivated by the aforementioned analysis, to the best of our wisdom, little consideration has been paid 

to achieving finite-time stability with reduced-chattering control input for the mismatched uncertain systems 

with unknown disturbances. This problem is still open in the literature. In this study, an adaptive second order 

variable structure controller (ACASOVSC) is suggested to lessen the chattering phenomenon and 

simultaneously delete the indispensability information requirement about the upper bound of exogenous 

perturbations via adaptive tuning law. In addition, utilizing the proposed approach, the state trajectories’ 

convergence in the closed-loop plant is also ensured in finite time. Simulation is offered to validate the viability 

and efficiency of the suggested technique. 

The arrangement of this work is as follows. The state-space model and preliminaries are pronounced 

in section 2. The key results of the work are derived in section 3 which includes a regular form of the plant, a 

novel reduced-order variable structure estimator (ROVSE), and the design of an ACASOVSC. The system’s 

asymptotic stability is analyzed in section 4. The feasibility of the anticipated technique is clarified in section 5 

with numerical illustration. To finish this work, a deduction is made in section 6. 
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2. PROBLEM STATEMENT AND PRELIMINARIES 

We consider the systems with mismatched parameter uncertainties and unknown exogenous 

disturbances as below: 
 

�̇�(𝑡) = [𝐴 + 𝛥𝐴(𝑡)]𝑥(𝑡) + 𝐵[𝑢(𝑡) + 𝜁(𝑥, 𝑡)], 𝑦(𝑡) = 𝐶𝑥(𝑡) (1) 
 

Where: 
 

𝑥(𝑡) ∈ 𝑅𝑛 , 𝑢(𝑡) ∈ 𝑅𝑚 , 𝑦(𝑡) ∈ 𝑅𝑝   
 

Are respectively the vectors of system states, signals of control, and outputs of the plant. The indexes 𝑛, 𝑚, 𝑝 

are the number of the plant’s state variables, control signals, and channels of output, respectively. 

The constant matrices 𝐴, 𝐵, 𝐶 have suitable lengths. The vector 𝜁(𝑥, 𝑡) is a matched non-linearity of the 

system. The term 𝛥𝐴(𝑡) are the mismatched uncertainties. Before moving with the main achievements in this 

paper, the standard assumptions are necessary for this work as: 

- Assumption 1: the matrices 𝐵, 𝐶 have full rank, 𝑟𝑎𝑛𝑘(𝐶𝐵) = 𝑚, and 𝑚 ≤ 𝑝 < 𝑛. 
- Assumption 2: the pair (𝐴, 𝐵) and (𝐴, 𝐶) are entirely controllable and observable, respectively.  

- Assumption 3: the symbol 𝛥𝐴(𝑡) indicates the mismatched parameter uncertainty of the system and 

satisfies the following form 𝛥𝐴(𝑡) = 𝐷𝛴(𝑥(𝑡), 𝑡)𝐸, where the matrices 𝐷, 𝐸 are constant and 𝛴(𝑥(𝑡), 𝑡) 

is unknown matrix function but constrained as ‖𝛴(𝑥(𝑡), 𝑡)‖ ≤ 1 for all (𝑥, 𝑡) ∈ 𝑅𝑛 × 𝑅. 
To construct an attenuated-chattering adaptive controller in sliding mode control technique, we will 

definite a switching manifold function which includes the output information as: 
 

𝑠(𝑦(𝑡), 𝑡) = �̇�(𝑦(𝑡), 𝑡) + 𝑋.̄ 𝜎(𝑦(𝑡), 𝑡) (2) 
 

Where: 
 

𝜎(𝑦, 𝑡) = 𝑆𝑥(𝑡) = 𝐹𝑦(𝑡) = 𝐹𝐶𝑥(𝑡)  

 

The matrix 𝐹 ∈ 𝑅𝑚×𝑝 is scalar, and 𝑆 ∈ 𝑅𝑚×𝑛 is a switching matrix. The matrix 𝐹 should be chosen to 

guarantee 𝑆 = 𝐹𝐶. 𝑋.̄ ∈ 𝑅𝑚×𝑚 is any diagonal matrix which given by designer. 

 

 

3. MAIN RESULTS 

3.1.  Constructing a regular form of the plant 

In this part, a regular form of the plant will be achieved by using the transformation matrix 

procedure and the published results in the paper [25]. Let us denote 𝛤 an 𝑛 × 𝑛 symmetric matrix 

satiating 𝛤 = 𝐼 − 𝐸𝑔𝐸 with 𝐵⊥𝑇𝐷 ≠ 0, where 𝐼 is an identity matrix. In other words, the system satisfies the 

mismatching condition. Now, the sliding matrix 𝑆 in (2) can be stated as: 
 

𝑆 = 𝑅𝐵𝑇𝑄−1  
 

Where: 

𝑅 is any 𝑚 × 𝑚 non-singular matrix. 

𝑄 = 𝛤𝑋𝛤 + 𝐵𝑌𝐵𝑇 . 𝑋, 𝑌 are symmetric matrices which will be found in the LMI’s solutions:  
 

𝛤𝑋𝛤 + 𝐵𝑌𝐵𝑇 > 0 and 𝐵⊥𝑇(𝐴 𝛤𝑋𝛤 + 𝛤𝑌𝛤𝐴𝑇)𝐵⊥ < 0 

 

- Assumption 4: the sliding matrix 𝑆 must be existed such that 𝑆 = 𝑅𝐵𝑇𝑄−1 is solvable. 

To transform the original system (1) into the regular form, the state transformation can be 

established as [𝜗 𝜎]𝑇 = 𝑇𝑥, where 𝜗 ∈ 𝑅𝑛−𝑚 is unmeasurable reduced-order variables of the system and  
𝜎 ∈ 𝑅𝑝 is measurable sliding matrix. A conversion matrix and its inverse form are 𝑇 = [𝐵⊥𝑇 𝑅𝐵𝑇𝑄−1]𝑇 and 

𝑇−1 = [𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1 𝐵(𝑆𝐵)−1], respectively. The matrix (𝑆𝐵) is supposed to be non-singular. 

Derivative of the state transformation, and employing the transformation matrix and its inverse form, 

the regular form of the original plant (1) can be gotten as: 
 

�̇�(𝑡) = [�̄�11 + 𝛥�̄�11(𝑡)]𝜗(𝑡) + [�̄�12 + 𝛥�̄�12(𝑡)]𝜎(𝑡)  
 

�̇�(𝑡) = [�̄�21 + 𝛥�̄�21(𝑡)]𝜗(𝑡) + [�̄�22 + 𝛥�̄�22(𝑡)]𝜎(𝑡) + (𝑆𝐵)[𝑢(𝑡) + 𝜁(𝑥, 𝑡)] (3) 
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Where:  
 

�̄�11 + 𝛥�̄�11 = 𝐵⊥𝑇[𝐴 + 𝐷𝛴𝐸]𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1, �̄�12 + 𝛥�̄�12 = 𝐵⊥𝑇[𝐴 + 𝐷𝛴𝐸]𝐵(𝑆𝐵)−1  
 

�̄�21 + 𝛥�̄�21 = 𝑅𝐵𝑇𝑄−1 × [𝐴 + 𝐷𝛴𝐸]𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1  
 

�̄�22 + 𝛥�̄�22 = 𝑅𝐵𝑇𝑄−1[𝐴 + 𝐷𝛴𝐸]𝐵(𝑆𝐵)−1, ϑ(𝑡) = B⊥𝑇𝑥(𝑡), 𝜎(𝑡) = 𝐹𝑦(𝑡) = 𝑆𝑥(𝑡)  

 

By considering the achieved results in the paper [25], the (3) can be acquired:  
 

�̇�(𝑡) = �̄�11𝜗(𝑡) + [�̄�12 + 𝛥�̄�12(𝑡)]𝜎(𝑡)  
 

�̇�(𝑡) = �̄�21𝜗(𝑡) + [�̄�22 + 𝛥�̄�22(𝑡)]𝜎(𝑡) + (𝑆𝐵)[𝑢(𝑡) + 𝜁(𝑥, 𝑡)]  (4) 

 

3.2.  Attenuated-chattering adaptive second order VSC design 

In this part, an ACASOVSC based on the estimated variables and output signal will be investigated 

to alleviate the chattering and stabilize the mismatched uncertain systems (4). Firstly, a ROVSE will be 

designed to guess the immeasurable the plant’s variables. A novel ROVSE including the estimation variable 

and measurable sliding function is designed as: 

 

�̇̂�(𝑡) = �̄�11�̂�(𝑡) + �̄�12𝜎(𝑡) (5) 

 

By introducing the estimation error vector �̃�(𝑡) = �̂�(𝑡) − 𝜗(𝑡), and combining the first equation of (4), 

the error dynamics of ROVSE is obtained by: 

 

�̇̃�(𝑡) = 𝐵⊥𝑇𝐴𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1�̃�(𝑡) − 𝐵⊥𝑇𝐷𝛴(𝑥, 𝑡)𝐸𝐵(𝑆𝐵)−1𝜎(𝑡) (6) 

 

Now, we will propose the theorem to calculate the upper limit of the observer error. 

- Theorem 1: consider the error dynamics equation (6), the matrix 𝐵⊥𝑇𝐴𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1 is stable matrix. 

The estimation error’s norm is limited by the upper limit �̃�(𝑡), which is the answer of the following (7).  

 

�̃�(𝑡) = 𝜆𝑚𝑎𝑥 + �̃�‖𝐵⊥𝑇𝐷‖‖𝐸𝐵(𝑆𝐵)−1‖‖𝜎(𝑡)‖ (7) 

 

Where: 

𝜆𝑚𝑎𝑥  negative value and maximum eigenvalue of the matrix: 

 

𝐵⊥𝑇𝐴𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1  

 

The sign �̃� is a positive scalar and an initial condition of the estimation error: 

 

�̃�(0) ≥ �̃�‖�̃�(0)‖  

 

- Proof of Theorem 1: from the published results [25], the matrix 𝐵⊥𝑇𝐴𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1 is stable. 

Thus, we get ‖𝑒𝑥𝑝[ 𝐵⊥𝑇𝐴𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1𝑡]‖ ≤ �̃� 𝑒𝑥𝑝( 𝜆𝑚𝑎𝑥 by solving the error dynamics (6) and 

multiplying the term exp (−𝜆_𝑚𝑎𝑥 into two sides. After that, applying the lemma that proved in the 

publication [26], we can obtain: 

 

‖�̃�(𝑡)‖ ≤ �̃�(0) 𝑒𝑥𝑝 (𝜆𝑚𝑎𝑥() ∫ �̃� 𝑒𝑥𝑝[𝜆𝑚𝑎𝑥[][‖𝐵⊥𝑇𝐷‖‖𝐸𝐵(𝑆𝐵)−1‖𝜎(𝜏)]]
𝑡∫

0
) (8) 

 

≤ �̃�(𝑡) if �̃�(0) ≥ �̃�‖�̃�(0)‖, where �̃�(0) and �̃�(0) are the initial values of the estimation error dynamics and 

the error upper bound, respectively. The upper bound �̃�(𝑡) meets solutions of (7). Therefore, we can 

determine that ‖�̃�(𝑡)‖ ≤ �̃�(𝑡) for 𝑡 ≥ 0. That is, the proof of this theorem is proved completely. 

Next, an ACASOVSC will be designed based on the obtained result in theorem 1 for solving the  

chattering and stabilizing the mismatched uncertain systems (1). To keep the plant’s state trajectory moving 

along switching surface in finite time and decrease the unwanted chattering, the controller is constructed as: 

 

𝑢(𝑡) = 𝑢(0) − (𝑆𝐵)−1 ∫ {�̃�1[‖�̂�(𝑡)‖ + �̃�(𝑡)] + �̃�2‖𝜎(𝑡)‖ + �̃�3‖�̇�‖ + 𝜓(𝑡) + 𝛼‖𝑠(𝑡)‖}
𝑡

0
𝑠𝑖𝑔𝑛(𝑠(𝑡))𝑑𝑡, (9)  
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Where: 

�̃�1, �̃�2, �̃�3 are scalar gains which will be specified later, and 
 

𝜓(𝑡) = �̂�0 + �̂�1[‖�̂�(𝑡)‖ + �̃�(𝑡)] + �̂�2‖𝜎(𝑡)‖,  
 

the adaptive laws are: 

 

�̇̂�0 = �̄�[−�̄�0�̂�0 + 1]
1 1 1

ˆ ˆ ˆˆ ˆ( ) { ( ) [ ( ) ( )]},t t t t =  − +  +  �̇̂�2(𝑡) = �̃�[−𝜈2�̂�2(𝑡) + ‖𝜎(𝑡)‖],  

 

and the scalars 𝛼 > 0, 𝜈0 > 0, �̂�1 > 0, 𝜈2 > 0, �̄� > 0, 𝛾 > 0, and �̃� > 0. 
- Theorem 2: consider the systems with mismatched uncertainties and unknown perturbations (4) subject 

to assumptions 1-4. Concurrently, the switching matrix 𝐹 gratifies the formula 𝑆 = 𝐹𝐶 and the error 

dynamics of the ROVSE (6) satisfies Theorem 1. Then, the state variable trajectories of the plant (1) 

are forced onto the switching manifold 𝑠(𝑦(𝑡), 𝑡) = 0 in finite time under the control signal (9) when 

the scalar gains satisfy the settings. 
 

�̃�1 ≥ ‖𝑆𝐴𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1‖‖𝐵⊥𝑇𝐴𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1‖  
 

�̃�2 ≥ ‖𝑆𝐴𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1‖[‖𝐵⊥𝑇𝐴𝐵(𝑆𝐵)−1‖ + ‖𝐵⊥𝑇𝐷‖‖𝐸𝐵(𝑆𝐵)−1‖]  
 

�̃�3 ≥ [‖𝑆𝐴𝐵(𝑆𝐵)−1‖ + ‖𝑋.̄ ‖]‖𝐹‖  
 

- Proof of Theorem 2: in order to prove this theorem, the several statements should be noted. Firstly, by 

differencing the switching function and using (1), we have: 

 

�̇�(𝑦, 𝑡) = 𝑆𝐴𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1𝜗(𝑡) + 𝑆𝐴𝐵(𝑆𝐵)−1𝜎(𝑡) + (𝑆𝐵)𝑢(𝑡) + 𝜛(𝑡) (10) 

 

Where: 

 

𝜛(𝑡) = 𝑆𝛥𝐴(𝑡)𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1𝜗(𝑡) + 𝑆𝛥𝐴(𝑡)𝐵(𝑆𝐵)−1𝜎(𝑡) + (𝑆𝐵)𝜁(𝑥, 𝑡)  
 

The second order derivative of the switching function is expanded:  

 

�̈�(𝑦, 𝑡) = 𝑆𝐴𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1�̇�(𝑡) + 𝑆𝐴𝐵(𝑆𝐵)−1�̇�(𝑡) + (𝑆𝐵)�̇�(𝑡) + �̇�(𝑡)  
 

Hence, the time derivative of the switching manifold (2) can be rewritten as: 

 

�̇�(𝑦(𝑡), 𝑡) = 𝑆𝐴𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1�̇�(𝑡) + [𝑆𝐴𝐵(𝑆𝐵)−1 + 𝑋.̄ ]�̇�(𝑦(𝑡), 𝑡) + (𝑆𝐵)�̇�(𝑡) + �̇�(𝑡 (11) 

 

Secondly, the perturbation �̇�(𝑡) in (11) is assumed to be satisfied the form:  
 

‖�̇�(𝑡)‖ ≤ 𝛽0 + 𝛽1‖𝜗(𝑡)‖ + 𝛽2‖𝜎(𝑡)‖  

 

Where 𝛽0, 𝛽1, and 𝛽2 are unknown bound of the uncertainties. However, in the practical control plants, 

the uncertainties’ limits are unidentified in advance due to the complex of the systems. Thus, these bounds will 

be estimated by the adaptive tuning laws. Since �̃�(𝑡) = �̂�(𝑡) − 𝜗(𝑡) and using theorem 1, the disturbances can 

be presented as: 

 

‖�̇�(𝑡)‖ ≤ 𝛽0 + 𝛽1[‖�̂�(𝑡)‖ + �̃�(𝑡)] + 𝛽2‖𝐹‖‖𝑦‖  
 

Now, we will use the Lyapunov function 𝑉(𝜎), which defined in the published research [27] as: 

 

𝑉(𝜎) = ‖𝑠(𝑡)‖ + 0.5�̄�−1𝛽0
2(𝑡) + 0.5𝛾−1𝛽1

2(𝑡) + 0.5�̃�−1𝛽2
2(𝑡)  

 

Where 𝛽0, 𝛽1, 𝛽2 are the adaptive gain’s estimation errors. That is: 

 

𝛽0 = 𝛽0 − �̂�0, 𝛽1 = 𝛽1 − �̂�1, 𝛽2 = 𝛽2 − �̂�2  
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By taking time derivative of 𝑉(𝜎) and taking norm right hand side, and using the control signal (9), and the 

Lyapunov function, we obtain: 
 

�̇�(𝜎) ≤ −𝛼𝑉(𝜎) + 0.5𝛼�̄�−1𝛽0
2(𝑡) + 0.5𝛼𝛾−1𝛽1

2(𝑡) + 0.5𝛼�̃�−1𝛽2
2(𝑡) + �̄�0 + �̂�1[−�̂�1

2(𝑡) + �̂�1(𝑡)𝛽1(𝑡)]  

+𝜈2[−�̂�2
2(𝑡) + �̂�2(𝑡)𝛽2(𝑡)]  (12) 

 

By choosing �̄�0 ≥
𝛼

�̄�
, �̂�1 ≥

𝛼

�̂�
, 𝜈2 ≥

𝛼

�̃�
, it can be shown that: 

 

�̇�(𝜎) ≤ −𝛼𝑉(𝜎) + 0.5[�̄�0𝛽0
2 + �̂�1𝛽1

2 + 𝜈2𝛽2
2]  

 

The Lyapunov function �̇�(𝜎) can be articulated as: 
 

0 ≤ 𝑉(𝑡) ≤ 𝑒−𝛼𝑡{𝑉(0) − 0.5𝛼−1[�̄�0𝛽0
2  +  �̂�1𝛽1

2 + 𝜈2𝛽2
2]} + 0.5𝛼−1[�̄�0𝛽0

2  +  �̂�1𝛽1
2 +  𝜈2𝛽2

2)]  
 

Now, we can see that: 
 

𝑙𝑖𝑚
𝑡→∞

 𝑉(𝑡) ≤ 0.5𝛼−1[�̄�0𝛽0
2  +  �̂�1𝛽1

2 +  𝜈2𝛽2
2]  

 

In addition, by using above Lyapunov function, it is easy to see that: 
 

0 ≤ ‖𝑠(𝑡)‖ + 0.5�̄�−1𝛽0
2 + 0.5𝛾−1𝛽1

2 + 0.5�̃�−1𝛽2
2 ≤ 𝑒−𝛼𝑡𝑉(0) + 0.5[�̄�0𝛽0

2  +  �̂�1𝛽1
2 +  𝜈2𝛽2

2] ∫ 𝑒−𝛼(𝑡−𝜏)𝑑𝜏
𝑡

0
  

 

It follows that: 
 

‖𝑠(𝑡)‖ ≤ 𝑒−𝛼𝑡{‖𝑠(0)‖ + 0.5�̄�−1𝛽0
2(0) + 0.5𝛾−1𝛽1

2(0) + 0.5�̃�−1𝛽2
2(0) 1 2 2

0 0 1 1
ˆ0.5 [  −−  +  +   𝜈2𝛽2

2]} 

+0.5𝛼−1[�̄�0𝛽0
2 +  �̂�1𝛽1

2 +  𝜈2𝛽2
2]  

 

So that: 
 

𝑙𝑖𝑚
𝑡→∞

‖𝑠(𝑡)‖ ≤ 0.5𝛼−1 [�̄�0𝛽0
2 + �̂�1𝛽1

2 + 𝜈2𝛽2
2] = 0.5α−1𝜃(𝑡) 

 

Where: 
 

𝜃(𝑡) = �̄�0𝛽0
2 + �̂�1𝛽1

2 +  𝜈2𝛽2
2 

 

It is clear that �̇�(𝜎) < 0 if ‖𝑠(𝑡)‖ ≤
0.5θ(𝑡)

𝛼
. The decrease of 𝑉(𝜎) ultimately controls the state trajectories of 

the closed-loop plant into ‖𝑠(𝑡)‖ ≤
0.5θ(𝑡)

𝛼
 [28]. Thus, the trajectories of the plant are limited eventually as: 

 

𝑙𝑖𝑚
𝑡→∞

𝑠(𝑡) ∈ (‖𝑠(𝑡)‖ ≤ 0.5α−1𝜃(𝑡))  

 

Which is a small set obtaining the origin of the closed-loop plant. To ensure constrained motion around the 

switching surface, the positive constant 𝛼 is selected to be large enough so that �̇�(𝜎) < 0 when 𝑉(𝜎) is out 

of the limited field that comprises an equilibrium point [28]. That is, the switching manifold 𝑠(𝑡) will 

approach to zero in finite time and the state trajectories of the plant are reached in finite time under the 

controller (9). 

 

 

4. ASYMPTOTIC STABILITY IN SLIDING MODE 

In this part, we will continue to analyze the asymptotic stability of the system (3) in the sliding 

mode via the LMI technique and Lyapunov method. Now, we establish the following LMI: 

 

[
�̂�𝑇𝐺 + 𝐺𝑇�̂� + 𝜀−1𝐺𝑇�̂��̂�𝑇𝐺      �̂�𝑇𝐺 − 𝐺𝑇 + 𝛹 + 𝜀−1𝐺𝑇�̂��̂�𝑇𝐺      �̂�𝑇

𝐺𝑇�̂� − 𝐺 + 𝛹 + 𝜀−1𝐺𝑇�̂��̂�𝑇𝐺      − 𝐺 − 𝐺𝑇 + 𝜀−1𝐺𝑇�̂��̂�𝑇𝐺            0
                   �̂�                                          0                            − ε−1𝐼

] < 0 (13) 

 

Where: 
 

�̃� = 𝐵⊥𝑇𝐴𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1, �̃� = 𝐵⊥𝑇𝐷, �̃� = 𝐸𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1  
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A non-zero matrix 𝐺 ∈ 𝑅(𝑛−𝑚)×(𝑛−𝑚), a positive matrix 𝛹 ∈ 𝑅(𝑛−𝑚)×(𝑛−𝑚), and 𝜀 > 0. To prove the 

asymptotic stability of the plant, the following theorem is created. 

- Theorem 3: assume that the proposed LMI (13) has a feasible answer 𝛹 > 0, non-zero matrix 𝐺. 
The switching manifold function is defined in (2). Then, the motion dynamics in the first equation of the 

systems (3) restricted to the specified switching manifold 𝑠(𝑦(𝑡), 𝑡) = 0 is asymptotically stable.  

- Proof of theorem 3: the first equation (3) in sliding mode can be presented by a switched plant. 
 

�̇�(𝑡) = [�̂� + �̂�𝛴(𝑥, 𝑡)�̂�]𝜗(𝑡)   
 

Where: 
 

�̂� = 𝐵⊥𝑇𝐴𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1, �̂� = 𝐵⊥𝑇𝐷, and  
 

�̂� = 𝐸𝑄𝐵⊥(𝐵⊥𝑇𝑄𝐵⊥)−1  
 

To prove the stability of the switching motion, let us cogitate the Lyapunov function as 𝑉(𝑡) = 𝜗𝑇𝛹𝜗.  
Then, differentiating 𝑉(𝑡) with respect to the switched plant’s trajectories, we have: 

 

𝑉 ̇(𝑡) = 𝜗^𝑇 (𝑡){[�̂� + �̂�𝛴(𝑥, 𝑡)�̂�]
𝑇
 × 𝛹 + 𝛹[𝐴 ̂ + 𝐷 ̂𝛴(𝑥, 𝑡)𝐸 ̂]}𝜗(𝑡)  

 

Based on the Lyapunov function theory, the time derivative �̇�(𝑡) < 0. By utilizing the Lemmas 1, 2 in the 

published paper [27], simultaneously applying the well-known Schur complement [29] to LMI (13), let us 

first specify: 
 

𝑊 = [0   Ψ;    Ψ   0]𝑇 , 𝛱 = [𝐼  𝐼] 
 

𝛯 = [(�̂� + �̂�𝛴(𝑥, 𝑡)�̂�)𝑇 − 𝐼]𝑇  
 

𝛯⊥ = [𝐼   �̂� + �̂�𝛴(𝑥, 𝑡)�̂�]𝑇   
 

𝛱𝑇 = [𝐼  𝐼]𝑇 , 𝛱⊥𝑇 = [𝐼 − 𝐼]𝑇 
 

And 𝐺 is the answer of the proposed LMI (13). This produces: 
 

𝛩 ≤ [  �̂�𝑇𝐺 + 𝐺𝑇�̂� + 𝜀−1𝐺𝑇�̂��̂�𝑇𝐺     �̂�𝑇𝐺 − 𝐺𝑇 + 𝛹 + 𝜀−1𝐺𝑇�̂��̂�𝑇𝐺
𝐺𝑇�̂� − 𝐺 + 𝛹 +ε−1𝐺𝑇�̂��̂�𝑇𝐺      − 𝐺 − 𝐺𝑇 + 𝜀−1𝐺𝑇�̂��̂�𝑇𝐺

] + 𝜀 [�̂�𝑇

 0
] [�̂�  0] < 0, (14) 

 

Where 𝜀 is a positive scalar. By using the Lemma 2 of [27] and the (14), we have 𝛯⊥𝑇𝑊𝛯⊥ < 0.  
Since, 
 

𝑊 = [0   Ψ;   Ψ  0]𝑇 ,   
 

𝛯⊥ = [𝐼   �̂� + �̂�𝜮(𝒙, 𝑡)�̂�]𝑇 ,  
 

We obtain:  
 

𝛯⊥𝑇𝑊𝛯⊥ = [�̂� + �̂�𝛴(𝑥, 𝑡)�̂�]𝑇𝛹 + 𝛹[�̂� + �̂�𝛴(𝑥, 𝑡)�̂�] < 0  
 

Now, we can conclude that �̇�(𝑡) < 0. Thus, if the established LMI (13) is fulfilled, then the mismatched 

uncertain systems (1) is asymptotically stable. This theorem is entirely proved. 

 

 

5. NUMERICAL EXAMPLE 

For this part, the suggested technique will be executed to the detail example which will be simulated 

by the well-known Matlab software. Now, we consider the example that modified from [26] 
 

�̇�(𝑡) = {[
−3    0   − 1
  1     2      0
  0     1   − 2

] + [
 1
 0
−1

] 𝛴(𝑥(𝑡), 𝑡)[0  1  0]} 𝑥(𝑡) + [
1
1
0

] [𝑢(𝑡) + 𝜁(𝑥, 𝑡)]  

 

 𝑦(𝑡) = [
1  1  0
1  0  0

] 𝑥(𝑡) (15) 
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Where: 

𝑥(𝑡) ∈ 𝑅3,  
 
𝑢(𝑡) ∈ 𝑅1,  
 

𝑦(𝑡) ∈ 𝑅2,  
 

and the parameter uncertainties:  

 

𝛴(𝑥(𝑡), 𝑡) = 0.14 𝑠𝑖𝑛( 0.273𝑡)  
 

The disturbance �̇�(𝑡) is assumed to satisfy. 

 

‖�̇�(𝑡)‖ ≤ 𝛽0(𝑡) + 𝛽1(𝑡) ‖[
−0.7071    0.7071         0
      0              0         1.0000

] [𝑥1(𝑡)  x2(𝑡)  x3(𝑡)]𝑇‖ 

+𝛽2(𝑡)‖𝐹‖‖𝑦(𝑡)‖ (16) 

 

By using the LMI Toolbox of the Matlab software environment, we attain the asymmetric matrices as: 

 

𝑋 = [0.3519   0   − 0.0607; 0   0   0; − 0.0607   0   0.3691]  
 

𝑌 = [0.5400]  
 

Next, we find the sliding matrix 𝐹 by solving the equation: 

 

𝐹𝐶 = 𝑅𝐵𝑇𝑄−1  

 

And select the diagonal matrix X. ̄ = [1]. The switching manifold (2) is calculated as : 

 

𝑠(𝑦(𝑡), 𝑡) = [1.852  − 1.852]�̇�(𝑡) + [1.852  − 1.852]𝑦(𝑡) (17) 

 

After the calculating the matrices �̄�11 and �̄�12, the error dynamics (6) is found by: 

 

�̇̃�(𝑡) = [−4.0000  0.7071; 0.0000 − 2.0000]𝑇�̃�(𝑡) 

−[−0.7071 − 1.0000]𝑇𝛴(𝑥, 𝑡)[0.5400]𝜎(𝑡) (18) 

 

Where the unknown function of the uncertainties: 

 

𝛴(𝑥(𝑡), 𝑡) = 0.14 sin( 0.273𝑡)  

 

And the output switching function: 

 

𝜎(𝑡) = [1.852  − 1.852]𝑦(𝑡)  

 

By selecting the scalar:  

 

�̃� = 0.016  

 

The upper bound of estimation error is the answer of the form: 

 

�̇̃�(𝑡) = [−2.0000]�̃�(𝑡) + 0.0106‖𝜎(𝑡)‖  

 

According to (9), the ACASOVSC of the mismatched uncertain systems is computed as: 

 

𝑢(𝑡) = −0.5400 ∫ {�̂�0(𝑡) + [10.6897 + β̂1(𝑡)][‖�̂�(𝑡)‖ + �̃�(𝑡)]
𝑡

0

 

+[7.8965 + β̂2(𝑡)]‖𝜎(𝑡)‖ + 10.4765‖�̇�‖ + 0.0150‖𝑠(𝑡)‖}𝑠𝑖𝑔𝑛(𝑠(𝑡))𝑑𝑡 (19) 
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Where �̂�(𝑡) and �̃�(𝑡) are answers of the ROVSE (5) and the observer error’s upper bound (7), respectively. 

The estimation variables �̂�0, �̂�1, �̂�2 are answers of the adaptive laws: 

 

�̇̂�0 = −0.0121�̂�0 + 1  

 

�̇̂�1 = −0.0101�̂�1 + [‖�̂�‖ + �̃�]  

 

�̇̂�2 = �̃�[−0.0211�̂�2 + ‖𝜎‖]  
 

The initial conditions of system states, the ROVSE, and the error dynamics are selected to be: 

 

𝑥(0) = [0.2  0.3 − 0.3]𝑇 ,  
 

�̂�(0) = [−0.15  0.1]𝑇 , and 

 

�̃�(0) = [0.2 − 0.3]𝑇 , respectively.  

 

The control signal, the switching manifold, the error dynamics, and the plant state trajectories of the 

mismatched uncertain systems (1) by applying the proposed ACASOVSC (19) are displayed in Figure 1. 

 

 

   
   

(a) (b) (c) 

 

Figure 1. The time histories of the system; (a) the control signal (b) the switching manifold and the error 

dynamics and (c) the system states 

 

 

- Remark 1: the time response of the proposed reduced-chattering SOSMC signal (19) considering the 

unknown external disturbance (16) is plotted in Figure 1(a). The time history of the switching manifold 

function (17) and the ROVSE’s error dynamics (18) are displayed in Figure 1(b). From these figures, 

we see that the suggested controller guarantees fast behavior and quite small amplitude. In addition, the 

chattering phenomenon in input is weakened. Therefore, these results lead to the proposed controller 

could not be applied in the published works [20], [21], [23]. This is the first and third main tasks of our 

work.  

- Remark 2: the graph of the plant states variables is showed in Figure 1(c) under the proposed 

ACASOVSC (19). We can see that the plant states decline immediately to zero after 1.6 seconds. 

In order words, the states of the plant tend to the specified manifold 𝑠(𝑦(𝑡), 𝑡) = 0 in finite time which 

the published work [19] could not be performed the achievement. This is the second key task in this 

research.  

From the above-mentioned examination of the obtained simulation results, the proposed approach 

does not need the availability of the state variables. It is concluded that the suggested technique is effective in 

dealing with the finite-time stabilization and the proposed chattering diminution problem. Moreover, this 

method is very useful and more realistic since it can be easily implemented in practice.  
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6. CONCLUSION 

In this part, we have presented new results in designing the ACASOVSC for the mismatched 

uncertain systems affected by unknown external disturbances. The proposed controller can effectively reduce 

the undesired chattering in control input and stabilize the closed-loop plant with the unknown perturbations. 

In addition, the gain tuning mechanism in the adaptive laws guarantees that the gain is not overvalued 

regarding the real unknown value of the external disturbances. Further, the sufficient condition has been 

given by terms of strict LMIs such that the motion dynamics owns the property of asymptotical stability. 

Finally, in the obtained results of the simulation section, the suggested controller is demonstrated to be better 

in addressing chattering than the existing variable structure controllers. 
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