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ABSTRACT

This paper reports the development and switching controller design of an in-
verted pendulum system (IPS) platform. The euler-lagrange approach is first
used to model the dynamics of the IPS which takes into account the impact of
friction forces during its movements. The paper then derives a switching control
method to swing the pendulum rod into the neighborhood of and stabilizing it
at the equilibrium point. The implemented switching controller consists of: i) a
nonlinear swing up control which brings the pendulum to the vertical position
and ii) a linear stabilizing control which maintains the pendulum rod to remain
in a vertical position around the neighborhood of the vertical axis. The nonlinear
controller is constructed using lyapunov’s method while the linear controller is
designed using linear quadratic regulator (LQR) method framework. Simulation
and experimental results are presented to show the effectiveness of the proposed
switching controller.
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1. INTRODUCTION
One prominent benchmark for evaluating control systems’ analysis and design framework is the in-

verted pendulum system (IPS) [1]–[4]. An IPS platform typically composed by a horizontally moving cart and
a pendulum rod that is mounted on the cart’s top [5]. The objective of the IPS control is thus to regulate the
cart’s movement so that the rod can be rotated and then maintained in a vertical upward position (Figure 1) [6].
Such a control objective has in fact been known to be the working principle of several practical technological
applications which includes controller design for differential drive mobile robots with a self balancing feature,
rocket launcher with vertical take-off and landing capability [7]–[9].

Various results have been reported in literature on topics related to the analysis and control system
design of IPS. For instance, linear quadratic regulator (LQR) and proportional-integral-derivative (PID) control
are used in [10], [11], respectively, to stabilize IPS prototypes’ linearized models. The works in [12] [13], on
the other hand, used fuzzy logic controllers (FLC) to swing up and stabilize an IPS prototype using its linearized
model. However, the performance of FLC-based controllers is known to be very dependent on the designer’s
heuristics when defining the logic of the control rules. The works in [14]–[17] proposed energy-based methods
within Lyapunov’s stability framework for control system design of IPS platform. The implementations of such
energy-based control design methods are typically formulated as optimization problems which often results
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in high computational demands/loads. Moreover, the obtained controller gains which guarantee lyapunov’s
stability of the closed system are often capable of only guaranteeing the pendulum rod to oscillate within a
small neighborhood of the IPS’s unstable equilibrium which is defined by as the vertical upward position.
In particular, real-time implementation of the used energy-based control methods are not yet examined or
extensively reported in some of these literature.

Figure 1. Sketch of an IPS on a cart

This paper further continues our initial simulation study in [18], [19] and reports the design and real-
time implementation of energy-based methods for simultaneous dynamic model development and stabilizing
controller design of an IPS prototype. This paper uses euler-lagrange method to derive an experimentally-tested
model for a developed IPS prototype which incorporates the friction force effect that is induced by the IPS’ cart
movement. A switching stabilizing control law that can swings the pendulum rod up to reach the neighborhood
of and then stabilizes it at the desired unstable equilibrium point is then designed. Results from simulation and
experimental evaluations are reported to illustrate the proposed stabilizing control scheme’s effectiveness.

2. SYSTEM DESCRIPTION AND MODELING
2.1. IPS configuration

Figure 2 sketches the considered IPS. It consists of two main parts, namely i) a cart of mass M that is
moving horizontally on a rail of finite length along the x axis and ii) a pendulum rod with length 2l and mass
m with one end attached on the cart to allow the other end moves in a circular motion. In Figure 1 is the angle
from the pendulum rod to the vertical y axis at time t, x(t) denotes the horizontal position of the cart along
the rail at time t, and l denotes the half length of the pendulum rod which is measured as the distance from the
pivot point of the rod to its center of mass. FM denotes the horizontal input force that acts on the cart.

Figure 2 depicts the hardware configuration of the considered IPS both from the side (Figure 2(a) and
top Figure 2(b) views. It can be seen in these figures that the IPS is composed by two major components,
namely the electric circuit and mechanical system. The electric circuit part is used to handle data acquisition
system and commands for actuator movements based on the developed control law. The mechanical system
part is assembled from two main components, namely a pendulum rod and a cart which carries the rod.

The input and output data for controller design purposes are handled using an Arduino due micro-
controller. Two rotary encoders are also connected to microcontroller to obtain the IPS’ cart position and the
pendulum rod’s deviation angle measurements. To regulate the cart’s position/movement on the rail, a timing
belt was attached to the IPS’ cart to transform the rotation of a connected DC motor into the cart’s horizontal
movement. A personal computer (PC) is used to manage, reserve and display the input/output data of the IPS.
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(a) (b)

Figure 2. Hardware components of the IPS from: (a) front and (b) top views

2.2. Mathematical model
Figure 3 shows the free body diagram (FBD) of the considered IPS which consists of the FBD of a

moving cart along the horizontal x axis shown in Figure 3(a) and the FBD of the attached pendulum rod which
rotates with respect to the vertical y axis as shown in Figure 3(b). The IPS model is derived using euler-lagrange
(EL) method based on its lagrangian function, L, which captures the difference between the IPS’s kinetic (EK)
and potential (EP ) energies. In particular, EK is induced by both the cart and pendulum rod motions, whereas
EP is defined solely by the pendulum rod’s position.

(a)

(b)

Figure 3. Free body diagrams of: (a) IPS cart and (b) pendulum rod

Let ẋ(t)=dx(t)/dt. By Figure 3, the kinetic energy Ec
K of the cart is defined as: Ec

K = 1
2M (ẋ(t))

2.
The projections of the rod’s center of mass (COM) position and velocity on the horizontal axis are xCOM(t) =
x(t) + l sin(θ(t)) and ẋCOM(t) = ẋ(t) + lθ̇(t) cos(θ(t)), while on the vertical axis are given by yCOM(t) =
l cos(θ(t)) and ẏCOM(t) = −lθ̇(t) sin(θ(t)). The pendulum rod’s kinetic energy Ep

K takes the form.

Ep
K = (m/2)

[
(ẋCOM (t))2 + (ẏCOM (t))2

]
(1)

Thus, the total kinetic energy of the IPS becomes EK = Ec
K + Ep

K , and its total potential energy is
defined as EP = Ep

P = lmg (cos(θ(t))− 1). The lagrangian L := EK − EP of the IPS may then be defined
as in (2).

L =
1

2
M (ẋ(t))

2
+ lmθ̇(t)ẋ(t) cos (θ(t)) +

1

2
m(ẋ(t))2 +

1

2
l2m(θ̇(t))2 + lmg (1− cos θ(t)) (2)

given the system lagrangian in (2), the IPS model can be derived using EL in (3):

d

dt

(
∂L
∂ẋ

)
− ∂L

∂x
= F1

d

dt

(
∂L
∂θ̇

)
− ∂L

∂θ
= F2 (3)
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where F1=FM , while F2=γrẋ(t) denotes the friction force with coefficient γr that is induced by the swinging
of the pendulum rod at the pivoting point. Using (2) on (3), the IPS model can be rewritten in (4a) and (4b).

(m+M)ẍ(t) + lm cos(θ(t))θ̈(t)− lm sin(θ(t))(θ̇(t))2 = FM , (4a)

lm cos(θ(t))ẍ(t) + l2mθ̈(t)− lmg sin(θ(t)) = γr θ̇(t). (4b)

let q(t) := [q1(t), q2(t)]
T = [x(t), θ(t)]T be the generalized variable. Then (4) can be rearranged into (5).

M (q(t)) q̈(t) + C (q(t), q̇(t)) q̇(t) +G(q(t)) +D(q̇(t)) = u(t), (5)

with vector and matrix elements as in (6).

q(t) =

[
x(t)
θ(t)

]
M(·) =

[
(m+M) lm cos(θ(t))

lm cos(θ(t)) l2m

]
C(·) =

[
0 −lmθ̇(t) sin(θ(t))
0 0

]
D(·) =

[
0 0
0 γr

]
G(·) =

[
0

−lmg sin(θ(t))

]
u(·) =

[
FM

0

] (6)

note that (6) may also be written as an affine-in-control model of the form:

q̈(t) = f1 (q(t), q̇(t)) + f2(q(t))u(t) (7)

where f1(q, q̇) = (M(q)
−1

[−C(q, q̇)q̇(t)−G(q)−D(q̇)], f2(q) = − (M(q))
−1

D(q̇) and u(t) = FM .
Introducing x1(t) := x(t), x2(t) := ẋ1(t), x3(t) := θ(t), and x4(t) := ẋ3(t) as state variables, then

(7) may further be written (after dropping the time variable t) as a nonlinear state space model in (8).


ẋ1

ẋ2

ẋ3

ẋ4

 =


x2

l2m2 sin(x3)(lx
2
4−g cos (x3))+lm cos(x3)x4γr

β

x4
bl2m2x2

4+(m+M)(lmg sin(x3)−γrx4)
β

+


0
1
β

0
lm cos (x3)

β

u (8)

where β = l2m(M +m sin2(x3)) and b = (sin (x3) cos (x3)), while x1 and x3 are measurable variables. The
linearization of (8) around its equilibrium can be obtained for small deviation angles θ which implies sin θ ≈ θ
with cos θ = 1. In this regard, the linearization of (8) can be written as a linear time-invariant (LTI) system (9).

ẋ1

ẋ2

ẋ3

ẋ4

 =


0 1 0 0
0 0 −mg

M
γr

lM
0 0 0 1

0 0 (m+M)g
lM

−(m+M)γr

l2mM



x1

x2

x3

x4

+


0
1
M
0
−1
lM

u(t) y(t) =

[
1 0 0 0
0 0 1 0

]
x1

x2

x3

x4

 (9)

2.3. Experimental measurement and estimation of model parameters
During initial experiments, it was observed that the pendulum rod is experiencing friction force when

swinging on its pivoting point. A friction estimation experiment was thus conducted in which a friction force
model for F2 is assumed to be of the form F2 = γr θ̇, where γr is the friction coefficient that needs to be
estimated experimentally. The value of γr is estimated by initially hold the pendulum rod to θ ≈ 0.1728 rad
and then let it swings until finally rests at a position where θ = 3.14 rad (downward pointing position) as
illustrated in Figure 4. Table 1 lists the model parameters of the developed IPS platform used in experiment.

By the assumed friction model, the swinging trajectory of the pendulum rod is considered to be similar
with that of a second order LTI system response which is characterized by the differential in (10).

θ̈(t) + 2ζωnθ̇(t) + ωn
2θ(t) = 0 (10)
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Figure 4. Experiment illustration of the friction coefficient estimation

Table 1. IPS measured parameter
M (g) 479 479 479 479 479
m (g) 51 51 51 51 51

L (mm) 286.40 286.40 286.40 286.40 286.40

Combining (4b) with (10) and rearranging, we have that γr/lm = 2ωnζ which implies γr = 2lmζωn.
Figure 5 shows the pendulum rod’s response which was used in (10) to obtain parameter estimates of ωn =
3.0261rad.s−1 and ζ = 0.026389. In this regard, it can be determined that γr = 0.00016872N.s.rad−1.

Figure 5. Pendulum rod response for friction coefficient estimation

3. RESEARCH METHODS
The main objective of IPS control is to swing up the pendulum towards the neighborhood of the

upright position and then stabilize it on the vertical y axis. To achieve this objective, this research implements
a switching controller which consists of: i) a nonlinear swing up controller which brings the rod to the vertical
position and ii) a linear stabilizing controller which maintains the rod to remain at a vertical position around
the neighborhood of the y axis [20]. The nonlinear controller is constructed using lyapunov’s method on
model (8), while the linear controller is designed using LQR method on model (9). The control system’s block
diagram is shown in Figure 6. The switching block determines which controller is activated based on IPS
state. The switching occurs if the rod’s orientation reach the value range of −0.052rad ≤ θ(t) ≤ 0.052rad
for which an approximation of sin(θ(t)) ≈ θ(t) holds. The nonlinear controller is first activated to swinging
up the pendulum rod towards a small region around the upright position (unstable equilibrium), and the LQR
controller is then activated to keep the IPS rod in vertical position. Each of these controllers is detailed below.

Switching stabilizing controller design for an inverted pendulum ... (Jonathan Chandra)
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Figure 6. Block diagram of the switching controller

3.1. Nonlinear swing up control design
The construction of the nonlinear swinging up controller is done based on the analysis of the total

energy that is required to swing the pendulum rod to reach a small region around the upright position that
defines an unstable equilibrium. To this end, the IPS’ total energy is first identified and defined (11).

E(q, q̇) = EK(q, q̇) + EP (q) =
1

2
q̇TM(q)q̇ + lmg(cos θ − 1) (11)

the derivative of the system’s energy in (11) with respect to time is given (12).

Ė(q, q̇) = q̇TM(q)q̈ +
1

2
q̇T Ṁ(q)q̇ + q̇TG(q) =

1

2
q̇T (Ṁ(q)− 2C(q, q̇))q̇ + q̇TFM − q̇TDq̇. (12)

now notice the equilibrium of the state variable ẋ when E(q, q̇) = 0 for which condition (13) holds.

1

2
l2mθ̇2 = lmg(1− cos θ) (13)

As discussed in [14], θ̇ = 0 rad implies (13) defines a homoclinic orbit. This means that θ := 0 rad
can only be achieved if θ̇ = 0 rad. Consequently, the pendulum rod will be swinging with reference to the
vertical axis until arriving at the neighborhood of the equilibrium [θ, θ̇]T =[0, 0]T . In the discussion that will
follow, the following symmetric matrix term from the system model in (6) will also be useful.

Ṁ(q)− 2C(q, q̇) =

[
0 lm sin θ

−lm sin θ 0

]
(14)

Define E(t) = E(q, q̇). Using (13) and (14), then (12) can be rewritten as: Ė(t) = q̇TFM− q̇TD(q̇)q̇.
Next, consider a quadratic candidate lyapunov function V (t) := V (q, q̇) as (15).

V (t) =
1

2

(
K1E

2 +K2q̇1
2 +K3q1

2
)

(15)

where Ki, (i = 1, 2, 3) are positive constants. The time derivative of (15) can be computed as 16.

V̇ (t) = K1ĖE +K2q̈1q̇1 +K3q1q̇1 = K1E
(
uẋ− γr θ̇

2
)
+K2ẍẋ+K3ẋx,

= ẋ (K1uE +K2ẍ+K3x)−K1γrEθ̇2
(16)

notice that the term ẍ(t) in (16) can be obtained from (4) and is given by ẍ(t) = (α+FM )/β due to the impact
that the friction force has on the system’s disturbance with α = bm2l2x2

4 + (M + m)(mgl sin(x3) − γrx4)
and β = ml2(M +m sin2(x3)). Using such a ẍ and control input FM = u(t), (16) can be written as (17).

V̇ (t) = ẋ (K1u(t)E +K2(α+ u(t))/β +K3x)−K1γrEθ̇2 (17)

It can be seen that the second term −K1γrE(t)θ̇(t)2 on the right hand side (rhs) of (17) is always
negative definite. This thus suggests that one needs to design a control law that can render the first term on the
rhs of (7) to be negative definite [21]. In this regard, we consider a choice of control law as (18)

u(t) =
−β(K4ẋ+K3x)−K2α

K1βE +K2
(18)
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where K4 > 0 is a design parameter, and (i) (K1E + (K2/β)) ̸= 0 and (ii) (K2/K1) ̸= −E(M +m sin2 θ)
are assumed on (18) to avoid singularity. Using the control signal in (18), then (17) can be expressed as (19).

V̇ (t) = u(t) (K1E +K2/β) ẋ+ (K2α/β +K3x) ẋ−K1γrEθ̇2

=

(
−β(K4ẋ+K3x)−K2α

K1βE +K2

)(
K1βE +K2

β

)
ẋ+

(
K2

α

β
+K3x

)
ẋ−K1γrEθ̇2

= −K4ẋ
2 −K1γrEθ̇2 < 0 (19)

Clearly, (19) shows the control law (18) ensures the Lyapunov function (15) has negative time deriva-
tive and is thus strictly decreasing. By lyapunov stability theorem, the system is guaranteed to be asymptotically
stable. Since (11) implies E(t) ≥ −2lmg, a constraint of the form (K2/K1) < (2lgmM ≃ 0.0686) is also
used.

3.2. Linear stabilizing control design
Once the nonlinear controller swings the pendulum rod into the neighborhood the unstable equilib-

rium, an LQR controller is used to stabilize the IPS system. The LQR control used in this paper is one which
minimizes a quadratic cost function J of the form: J = argmin

∫∞
0

(x(s)⊺Qx(s) + u(s)⊺Ru(s)) ds, in which
Q and R, respectively, are the state and control input weighting matrices [11], [22], [23]. The resulting control
law is a state feedback control signal with a structure: u(t) := −KLQRx(t) = −R−1B⊺Px(t), in which
matrix P solves the algebraic Riccati equation of the form: PA⊺ +A⊺P − PBR−1B⊺P = −Q.

The weighting matrices Q and R are determined using Bryson’s rule [24] such that: (i) Q(k,k) =
(q2k)

−1
max, for k = 1, . . . , n, in which n = dim(q), and (ii) R = (u2

max)
−1 where umax is the maximum control

input to the system and (qk)max is the maximum value of the system states. In this paper, the cart’s maximum
translation state is constrained to 0.1 m and the pendulum rod’s stabilizing angle of deviation is set to 0.05 rad.
These set the elements of Q ∈ R4×4 to be: Q1,1 = Q3,3 = 1

0.12 = 100, and Q2,2 = Q4,4 = 1
0.052 = 400. By

constraining the maximum control input to be 10 N , a weighting matrix R = 1/(102) = 0.01 is used.

4. RESULTS AND ANALYSIS
4.1. Simulation results

Two simulations were conducted in MATLAB to verify the derived model and controller of the IPS.
The first one is to validate model (8) using an initial condition of [x ẋ θ θ̇]⊺=[0 0 π 0]⊺ and the following
model parameters: m = 0.05 kg, M = 0.479 kg, l = 0.143m, g = 9.81m/s2, γr = 0.00016872Ns/rad.
A sampling time of Ts=5 ms is used. Figure 7 plots the results of the first simulation for a constant input of
FM = 1 N in which the cart position is shown in Figure 7(a) while the rod angle response is shown in Figure
7(b). These plots show that the cart position keep increases while the pendulum rod oscillates until finally
settles at the equilibrium θ = 3.34 rad. These results indicate that the used model is valid for a constant FM .

(a) (b)

Figure 7. First simulation results for FM = 1N : (a) cart position x and (b) rod angle θ

The second simulation was intended to check if the constructed nonlinear controller can swing the
pendulum rod up towards a small region around the upright position (i.e., region of unstable equilibrium). The
switching controller in Figure 6 was implemented to ensure the IPS is asymptotically stable. A similar set of
model parameters was used while an initial condition with state values [x ẋ θ θ̇]⊺=[0.1 0 π 0]⊺ are used. The
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gains of the nonlinear controller were chosen to be [K1 K2 K3 K4]
⊺ = [15 1 100 1]⊺, and the LQR control

gain was set to KLQR=[-31.622 -222.081 -85.518 -66.643]⊺. Figure 8 plots the second simulation results.
The controlled cart position in Figure 8(a) shows that it is shifting to x = 0 m when started at x = 0.1m.
Consequently, the rod angle response in Figure 8(b) shows that it is eventually swinging up towards a small
region around the vertical upright position of the equilibrium point θ = 0 rad region. These plots thus
demonstrate the proposed switching controller’s effectiveness to stabilize the IPS platform model.

(a) (b)

Figure 8. Second simulation results: (a) closed loop cart position x and (b) closed loop rod angle θ

4.2. Experimental results

The experimental validation of the switching controller was implemented on an Arduino microcon-
troller board to allow for the data transfer between PC controller and the IPS prototype. The used model
parameters are similar with those used in simulations. The gain parameters of the nonlinear controller were set
to be [K1, K2, K3, K4]

⊺ = [29, 1, 100, 10]⊺, while the gain parameters of the LQR controller were set to be
KLQR=[-63.24, -94.13, -382.24, -77.76]⊺. The initial conditions were set to: [x, ẋ, θ, θ̇]⊺=[0, 0, π, 0]⊺.

Figure 9 plots the experimental results of the proposed switching controller. The pendulum rod angle
response shown in Figure 9(a) shows that the nonlinear controller part of the proposed switching controller
brings the pendulum rod towards the neighborhood of the unstable equilibrium state (θ(t) = 0), while the LQR
controller stabilizes the rod at such an equilibrium point. The switching between the two controllers occurs at
time t = 14s. Figure 9(b) which plots the phase portrait of the closed loop system experiment further shows
that the angle trajectory starts at a homoclinic orbit to then finally stabilized at the equilibrium point of θ = 00.
The results depicted in these figures thus show the proposed switching controller’s effectiveness to stabilize the
IPS platform. A video demonstration of the switching controller implementation is available in [25].

(a) (b)

Figure 9. Results of experimental control implementation: (a) rod angle response and (b) phase portrait
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5. CONCLUSION
This paper has presented an experimental implementation of a switching control scheme for an IPS

platform on a cart. Such an implementation is demonstrated on the IPS dynamic model that is derived by
Euler-Lagrange modeling formalism. The developed switching controller consists of a nonlinear lyapunov-
based swing up controller which brings the pendulum rod towards a small region near the vertical upright
position and an LQR controller which maintains the pendulum rod stable at the vertical axis. The results of both
simulation and experimental implementations of the proposed switching controller are shown to demonstrate
the effectiveness of the developed switching controller to stabilize the IPS at the desired equilibrium point.
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