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Abstract

It is generally known that almost all filled function methods for one-dimensional unconstrained
global optimization problems have computational weaknesses. This paper introduces a relatively new
parameter free filled function, which creates a non-ascending bridge from any local isolated minimizer to
other first local isolated minimizer with lower or equal function value. The algorithm’s unprecedented
function can be used to determine all extreme and inflection points between the two considered
consecutive local isolated minimizers. The proposed method never fails to carry out its job. The results of
the several testing examples have shown the capability and efficiency of this algorithm while at the same
time, proving that the computational weaknesses of the filled function methods can be overcomed.
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1. Introduction

This article presents a new method for finding the global minimum of a non-convex
function. A variety of fields, including engineering, operational research, finance and social
sciences can be transformed as the optimization model where its objective function is
non-convex. This non-convexity property makes the main reason a classical optimization
method often fails to obtain a global minimizer (maximizer) [1-10]. The existing methods for
finding a global minimizer provide the global descent [11, 12], the interval [13-17], the simulated
annealing [18], the genetic algorithm [19], one-dimensional global optimization with Lipschitz
conditions [20, 21], the filled function methods [4-6, 22-25] ideas and etc. Most of the filled
function methods work quite different compared to the methods described in [11-22, 26-28].
This article will focus on the filled function methods and the comparison among them.

Suppose that x; (k =0, ...,m) are m isolated minimizers of f Four different parametric
filled functions at x; are defined by

Fo = Fo(0,x4,7,p) = o5 €xp (_ =) ) o
Fy = Fy(x, xp, 7, 1t) 2

= £C0) = min(f (), £ () = pllx = 12 + u{max(0, () — F )}, @)
Fis = Fis(x, i ,p) = (0511 = XolI2) + 9(lf (2) = (i) +p]), and 3)

1

- - @ _ — ¥*]|2
ln(1+f(x)—f(x;;)) allx xk” ) 4)

Fy = Fx(x,x,a) =

are proposed in [4, 26, 29, 22] respectively where parameter a is defined by
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a= €|f,(xs)| . (5)
2|xs—xi|(1+f(x)—f(x,*())(ln(1+f(x)—f(x;;))>

Unfortunately, the existing filled function methods [23, 26-29] can not solve the global
optimization problems since:
a. cannot assure the existence of a better local minimizer in a lower basin [29, 30];
b. require the assumption that f has only a finite number of local minimizer which have different
function values, i.e., f(x7) # f(x3) if x7 # x3;
difficult to adjust an appropriate parameter to satisfy the conditions of filled function;
iteratively updated the parameter;
can only obtain one global optimizer, and
contain exponential or logarithmic expressions in their forms which make a large amount of
computation.

For filled function [24], its two parameters, one of which relies on the diameter of a
bounded closed domain which contains all global minimizers, and the other on Lipschitz
constant of f respectively. The parameter free filled function (PFFF) was initially introduced
in [30-35]. A PFFF proposed by Ma et al. [34] is

=020

1, (t=0)

“1i<0 ©

Fy(x,x;) = —sign(f(x) — f(x,’g))arctan(llx — x;|1?) where sign(t) = {
where this method also has weaknesses as the others.

Our new PFFF method (or simply IYRH’s method) is based on PFFF [30-35] for global
optimization of f:D € R — R where f satisfies the following seven assumptions:

Al. fis a trice continuously differentiable on D (or f € C3(D))

A2. f has only a finite number of extreme and inflection points in D, and f™x, # 0 for n > 3
where x; is an inflection point of f.

A3. fM, £@ and f® of f are Lipschitz-continuous with computable constants.

Ad. f(x) » o as |x| - .

A5. For x; ([36]), f(x) — f(x;) = 0 yields at most two nearest points x#~ and xZ* located on
the left and the right hand sides of x;, respectively such that f(xZ™) = f(x;) = f(x¢*) and
x € [xF,xE7].

AB. f(x) > f(xp) forx € (xf~,xfY) and f(x) = f(xp) if x = xf~ or x = xf+.

A7. There exists only one x; between two consecutive minimizer and maximizer of f(x).

The reason why we need to solve one-dimensional multimodal function is described in
many references cited in [20]. The needed is appeared in scientific and engineering applications
especially in electrical engineering optimization problem. One of the important issues in global
optimization is “the region of attraction” where its detail explanation can be seen in [3].

This paper is organized as follows. Section 2 describes the IYRH'’s function. Section 3
describes how to find all extreme and inflection points using the IYRH’s function. Section 4
discusses the relationship between f and IYRH’s function. In Section 5, the idea of curvature is
described. Section 6 contains the convergence theorem. The numerical results of IYRH'’s
algorithm will be presented in section 7. Comparison and discussion will be given in section 8.
Section 9 contains the conclusion and the brief explanation on how this one-dimensional case
can be extended to n-dimensional case.

2. A Relatively New Parameter Free Filled Function

In this section, the IYRH's will be derived. Definition 1 (One-Dimensional PFFF):
Suppose that f:[a,b] € R — R satisfies A1-A7. A new F(x,x;) (x € [x?~,x#*]) called IYRH's
function of f at xy, is defined by:

— () - fO) ds (- < x <))

PR =1 P () - Fei) ds (i < x < 27)

()

if F(x,x;) satisfies the following 3 conditions. Cl. x; is a local isolated maximizer
of F(x,x;), C2. F(x,x;) has no stationary point in the interval (xZ~,x;) U (x;,xZ%), and C3.
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If x5 is not a global minimizer of f, then x#~ and x/* are the minimizer or stationary points of
F(x,x;). Itis enough to consider the second integration of (7) which can be rewritten as follows:

Feoxi) = =[5 (&) = fG))ds, (i <x <xf*) ®)

by using A5, the following results can be proved. Theorem 1: If 1) f € C3(a,b); 2) x; €
[x#~,x#*] < [a,b] and; 3) F(x,x;) is defined by (6), then x; must be a local isolated maximizer
of F(x,x;). Theorem 2: If the hypotheses of Theorem 1 are valid, then F(x,x;)
does not have any stationary point in the interval I, = {x:f(x) > f(xp) x € (x,f‘,x,f*)\{x;}} =
(xZ7,xp) U (xi, x2%). By (8), for x;,x, € [x;,xZT] with x; <x,, F(x;,x;)—F(xp,x5) =
f;lz(f(s) — f(x))ds = 0. Thus, F(x,x;) decreases over [x;,x#*]. By similar argument, F(x, x;)

increases over [xZ~,x;]. Theorem 3: If the hypotheses of Theorem 1 are valid and x;, is not a
global minimizer of f(x), then x?~ and x#* are the minimizer or stationary point of F(x, xj).

The obtaining of all the extreme and inflection points in every [x;,xZ*]
(k =0,1,2,...,t < ) is an indicator that this algorithm never fail to obtain the global one. That is
why it makes this method explores along the entire domain which very much different to other
methods [4-6, 11-21].

We are not aware with the method in [37], which quiet similar with our method.
Fortunately, our method has been published first as mentioned in [30-35]. However, we did not
know how the authors [37] compute their integration. In IYRH’s algorithm, the integration is
never been computed as had been done in [30-35]. Therefore, IYRH’s algorithm very much
different compared with others.

3. Sequences of Extreme and Inflection Points

The IYRH’s function F (x, x;) (x € [x#~,x#*]) has the following properties:
P1. F(x,x;) is concave downward at x; and concave upward at both x?~ and xZ*.
P2. F(x,x;), FP(x,x;), F®(x,x;) and F® (x, x;) are continuous.
P3. F(x,x;) < 0 for [x?~,x;] U [x}, x£*] and F(x;, x;) = 0.
P4. F(x, x;) are increasing and decreasing over [x#~,x;] and [x;, xZ*] respectively.
P5. FM(x,x;) > 0 (x € (xZ7,x;)) and F®(x,x;) < 0) (x € (x5, x£™)) except at inflection points
P6. F(x, x;) has isolated minimizer or stationary point at xZ~ or xZ*.

As an example, the graph of our PFFF for sinx + sin(2x/3) can be plotted as in
Figure 1. By P1, there exists at least two inflection points of F(x,x;) each lies in (x#~,x;) and
(xi,xZ%). By P1-P6, Figure 1 and [x;,xZ*] ([xZ7,x;]), the IYRH's function generates
the sequence of:

XGy X1y Xgy ene s Xpgy wen (X300 X200 X205, on s XD gye0t) 9)
using any suitable optimization tools except x;, starting at:
Xo, XE¥, xEY, xET L xFT, L (xg, xET, X2, X% L xE L) (10)

respectively where as beginning x, is any given point for obtaining x;. Therefore, we have 2

phases as follows:

Phase | : Starting at x; (k = 0,1,2,...). Minimize f(x) to obtain isolated minimizer x;.

Phase Il : F(x, x;) is constructed to find x?*. Replace x,with x?*. Restart Phase 1.

However, it is not easy to obtain (9) and (10) since F(x, x;) contains at least 1 inflection
point in [x;,x#*] and also in [x#~,x;]. The analytical existence of inflection points is shown as
follows.

a. FO,x) =—(F) —f(xp) (xp<x<xf) and F@(x,xp) = —fDx) (xp <x <xZH).
If F@(x,x;) =0, then f®(x) =0. Therefore, the solution of F®(x,x;) =0 becomes
the critical point of f(x).

b. FO0x,x;) = —f@(x) (x; <x <xZ%), it F®(x,x;) =0, then f@(x) = 0. Therefore, by A2,
the solution of F®(x,x;) = 0 (the critical point of F®(x, x;)) becomes the inflection point of
f(x) but this solution becomes the critical point (maximizer or minimizer) of F®(x,x;).

Solving one-dimensional unconstrained global optimization problem... (Ismail Bin Mohd)
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Therefore, the isolated extreme points i.e. x(l) (local maximizer) and x(l) (local minimizer) of
f(x) as shown in Figure 2, are inflection points of F(x,x;) where @ the superscript of x(l)

and x,(,f)k denotes the first inner iteration in the interval [x;, xZ*].
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Figure 1. F(x,x;) x € [x£~,x£*]) for Figure 2. Relationship between
sinx + sin(2x/3) £, F(x,x), FO (e, x0), F® (x, x)

and F®(x, x};)

Note that there might exist more than one inner iteration in the interval [x;,xZ*] and this
will happen when more than two inflection points occurred in [x;,xZ*]. Therefore for Phase I,
we need to analyse the behaviour of F(x,x;). Since x; cannot be used blindly to minimize
the filled function, then in the phase I, a § > 0 must be chosen such that x; + § can be safely
utilized to minimize F(x, x;). For handling these difficulties, consider the relationship between f,
F and F® as illustrated in Figure 2. Since Newton’s method [38] sometimes fails to converge to
xZ~ or xf*, we need IYRH's function method to handle it. From Figure 2 and the above
discussion, it is clear that all minimizers and maximizers of F®(x,x;) become the inflection
points of f(x), and all the roots of F®(x,x;) become minimizers or maximizers of f(x). These
special properties are only possessed by [YRH’s function.

4. Computation of the Inflection Points

Based on the discussion in Section 3, we have proved the following theorems:
Theorem 4: If the hypotheses of Theorem 1 are valid, then the solution of F®(x,x;) =0
becomes the critical point of f(x). Theorem 5: If the hypotheses of Theorem 1 are valid, then
the critical point of F®(x, x;) becomes the inflection points of f(x).

By A5 and Figure 2, xf}(), x,(v,lac and x1) are the first isolated inflection, maximum and

mk
minimum points of f(x) respectively, x (2)

(1) < x}ﬁ < x(z) r(,ﬂc and it mlght contlnue with another sequence of extreme and inflection

pomts until x#* such that f(x#*) = f(xz) and f(x;) < f(x) (x € (xz,x¢")). In order to guarantee
no extreme or inflection points of f(x) missed during the computation, the outer and inner iterations
are used over [x;,xZ*]. In inner iteration, F®(x, x;) and F®(x, x;) are used to compute inflection
and extreme points of f(x) respectively whereas in outer iteration, f(x) is minimized or solve
F®(x,x;) = 0 to obtain xZ*. The following steps implement those both inner and outer iterations:
Outer Iteration

Step 1 : construct F(x, x;) at xj.

Inner Iteration

Step 2 : Solve F®(x, x;) = 0 by Newton’s method for inflection point of f(x) nearest to x;.

Step 3 : Solve F@ (x,x;;) = 0 by Newton’s method for isolated maximizer of f(x).

Step 4 : Solve F®(x, x;) = 0 by Newton’s method for next inflection point of £(x).

Step 5 : Solve F® (x,x;) = 0 by Newton’s method for isolated minimizer of £(x).

i the second inflection point of f(x) found after x; where

TELKOMNIKA Vol. 17, No. 4, August 2019: 2125-2138
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Step 6 : If f(x) > f(x;)and x < xZ* then repeat Step 2 - Step 5 else solve F®V(x,x;) =0 by
Newton’s method for xZ*such that f(xZ*) = f(x}).
Step 7 : Use xZ* toyield x;,,. k =k + 1. Goto Step 1 if x,, < b.

5. Convergence with Curvature
The curvature [39] and radius of curvature are defined by:

_ |d2x/dx2|

do| _ _ [d%x/dx7|
T [1+(dy /dx)?]3/2

dx

1

k(x) = proe

and p(x) =

respectively. Basically, to make Newton’s method converges to x,, the solution of f(x) = 0, we
need an initial estimation which closes enough to x,. Assign the radius of curvature of f(x) to p,
therefore x;; + p becomes the initial best estimator for Newton’s method to solve f(x) = 0. We
will prove that n = |x; + p —x,| is the radius of the largest interval around x, such that
the Newton’s method converges to x, € (x, —n,x, +7n). However, we will need the following
definition.

Definition 2 [40]: The function f:D c R — R is Lipschitz continuous function with constant y in D,
written f € Lip, (D), if forevery x,y € D, |[f(x) — f(W)| < ylx — yl.

For the convergence of Newton's method, we need f® € Lip,(D) which had been
shown in [40].

Lemma 1 [40] : If 1) f: D < R - R for an open interval D; 2) f(D € Lip, (D), then for any x,y € D,
[F@) = FG) = FOD @ - 0| < ¥y —0?/2.

For most problems, Newton’s method will converge g-quadratically to its root [40].
Theorem 6 [40]: If 1) f:D c R - R for an open interval D; 2) f® € Lip,(D) 3) for some g > 0,
l[f@@)| =B (x €D); 4) f(x) =0 has a solution x, € D, then there is some 1 > 0 such that if
lxo — x| <7n, then {x,} generated by x,., = x, — (f(x)/f(l)(x)) (n=0,1,2,..) exists and
converges to x,. Furthermore,|x,.; — x.| < (¥/2B)|x, — x> (n = 0,1,2, ...).

Now, we prove that 7§ = |x; + p — x,|, the radius of the largest interval around the
solution of f® (x) = 0 holds Theorem 6. The similarity proof is applied for F2(x, x;). Theorem 7:
If 1) f:DcR—->R is an objective function; 2) x; is a local isolated minimizer of
f(x);3) fM:D cR-Rand f® € Lip,(X) for X € D; 4) for some p >0, |[f@ (x)| = p for every
x € D; 5) fM(x) = 0 has a solution x, € D, then there is some n > 0 such that if |x, — x,| <7,
then the sequence {x,} generated by x,.., = x,, — (f(l)(xn)/f(Z)(xn)) (n=0,1,2,...) exists and
converges to x,. Furthermore, |x,; — x.| < (¥/2B)|x, — x.|* (n = 0,1,2, ...).

6. Convergence of the IYRH’s Algorithm
By A2, IYRH’s algorithm actually generates (9) and (10) according to
the following pattern:

XX K KL K XL %
T\{T T AT LT T

Z+ Z+ Z+ Z+ Z+
XO XO XiL Xk—2 Xk -1 Xn—2 Xn -1

which satisfy f(x5) = f(x1) =...= f(xz) =...= f(x;_1) = f(x;;) where x, is any given point in
the considered interval. Therefore, IYRH’s algorithm generates a finite sequence [xj,xZ*],
g, x24), ., [, x27), .., [x—q, x22,]. Thus, by A2, IYRH's algorithm converges to x;, as a global
minimizer. IYRH’s algorithm also automatically generates at least a set of finite sequence of

inflection, local isolated maximizers and isolated minimizers, A, ={xi(}€),x§,,13{,xﬁ)} in every

subinterval [xj,xZ*] (k =0,1,...,n) if exist where the superscript @ on xlfﬁc denotes the first
number of local maximizer and subscript of A denotes the number of local maximizer
in [xg,xZ*]. If it contains two local isolated maximizers, then it generates

Solving one-dimensional unconstrained global optimization problem... (Ismail Bin Mohd)
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Ay = {xl(}c)xlﬁxfi)xfj)kxfi)xlfﬁxf‘,?} and so forth. However for 4,, the inflection pointx® is

i
option. Thus, the following theorem is proved.

Theorem 8 (Convergence Theorem): If 1) all the hypothesis of Theorem 6
and Theorem 7 are valid for £, f, f@, £f® and; 2) F(x,x*) is IYRH’s function at x*, the local
isolated minimizer of f, then IYRH’s algorithm converges to the right solution.

7. Numerical Results

The test examples are listed in Tables 1-3. In Table 1 where N, f(x), D, v; and m;
denote the number of function, the expression of the objective function, the domain, global
minimum value and global minimizer respectively. The numerical results will be presented to
compare the capability of the IYRH's method with two-parameter filled function
methods [4, 26, 29], one-parameter filled function methods [6, 22, 28], and the PFFF
method [34]. We also present the results for observing the sensitivity of IYRH’s method due to
different initial points. Therefore, the presentation is arranging into four categories.

Table 1. 20 Test Functions Cited from [41] for Minimization Problem (Original Results)

N fx) D Vg My
1 %xﬁ—g—ixs %x4+%x3 —%xz —x+15 [-1.5,11] —29763.233 10
2. sinx +sin(10/3)x [2.7,7.5] —1.899599 5.145735

5 [—9.4,10] —12.03124 —6.7745761
3. —Z ksin((k + Dx + k) [~9.4,10] —12.03124 —0.491391

= [—9.4,10] —12.03124 5.791785

4. —(16x2 —24x +5)e™* [1.9,3.9] —3.85045 2.868034
5. —(=3x+ 1.4)sin(18x) [0,1.2] —1.48907 0.96609
6.  (—x+sin(x))e™ [~10,10] —0.824239 —0.679579
7. sin(x) + sin((10/3)x) + Inx — 0.84x + 3 [2.7,7.5] -1.6013 5.19978

5 [-9.7,10] —14.508 —7.083506
8. - Z k cos((k + D)x + k) [-9.7,10] —14.508 —0.800321

= [9.7,10] —14.508 5.48286

9. sinx +sin(2/3)x [3,20] —-1.90596 17.039
10. —xsinx [0,10] —7.91673 7.9787
11. —2cosx —cos2x [—1.57,6.28] -3 4.76837e — 009
12.  sinx+cosx {g:g;g% —i 4712389
13, —x?P — (1 —x»)3 [0.001,0.99] —-1.5874 1/V2
14,  —e *sin2mx [0,4] —0.788685 0.224885
15,  (x*—5x+6)+ (x*+1) [-5,5] —7.03553 —0.41422
16.  2(x—3)2+e /2 [-3,3] 0.0111090 3
17, x5 —15x* + 2742 + 250 {:Zﬂ 4 -

x —2)? x<3
18. {erg(x - ;) +1 (otherwise) 0 2
19. —sin3x+x+1 [0,6.5] 0,467511 0,41032
20.  (—x+sinx)e™ [~10,10] —0.0634905 —-1.19514

For first category, the results of Table 4 shows that IYRH’s algorithm can solve
the global optimization problems listed in Table 1. In Table 4, k (k = 0) is the number of outer
iteration, j (j = 0) is the number of inflection points xl(’k) and xi(,’,;“) where i refers to the word
“‘inflection”, n is the number of local isolated maximizer xmc € [x;,x£*] and minimizer
xr(:?( € [x;,xZ*] where M and m denote maximizer and minimizer respectively, x; (k = 0) is

isolated minimizer and xZ*and x7~ (k = 0) are points such that f(xZ7) = f(x;) = f(xZ).

TELKOMNIKA Vol. 17, No. 4, August 2019: 2125-2138
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In inner iteration, there are several cases that x(") equals to xZ*and x;,, as shown in
Table 4 for k = 2,3 of example 3 (N =3), k=3 of example 8 (N =8), k =1 of example 12
(N =12) and k = 0 of example 17 (N = 17). For second category, Tables 5-8 compare IYRH’s
algorithm with New algorithm [42], the direct method [42] and Lagrange interpolation [43], using
test functions in Table 1 [44] and 100 one-dimensional randomized test functions [45]. Table 5
shows the relative errors [42] of global minimum values and global minimizers of functions as
shown in Table 1 obtained by IYRH’s algorithm is better than Lagrange interpolant on 81
Chebyshev nodes [43]. Table 6 shows that a “fortune effect” does not happened to IYRH’s
algorithm when it is applied to the example given in Table 3 for r = 67 and x, is chosen
randomly and differently where its graph is shown in Figure 3.

Table 2. 7 Test Functions for Comparison with Existed Filled Function Methods
N f(x)v D! XO
f(x) = sin(x) + sin(10x/3) + In(x) — 0.84x

=

5
2 flx) = —Z sin((i +x + i)
- n-1

s W= %}k SIn?(y,) + ) [0 = AL+ e sin?(myia )] + O = A)Z}

i=1
y; =1+ -0.25(x; — 1), k = 10, A = 1 and n denotes the dimensionality of the problem
n—1
4 f0= %}k sin? mx,) + ) [0 = ) (1L + ke sin? ()] + (3 — A)Z}
i=1
k =10, A = 1 and n denotes the dimensionality of the problem

n-1

5 f(x) = ksin?wlyx; + ky Z[(x1 — A)?2(1 + k sin® wlyx,)] + ky (x, — A)2(1 — kg sin? mlyx,)

where the constants in thls equation have been fixed as follows: k, =1, k; =01, A=1,1,=3

Table 3. Test Functions for “Fortune Effect” of IYRH’s Function [44]
r fr D
1,...,100 0.025(x — x)% + sin?[(x — x) + (x — x7)?] + sin?(x — x}) [-5,5]

For third category, Table 7 compares the results of [YRH’s algorithm with Ma et al.’s
filled function and Lucidi and Piccially’s filled function for a set of 5 test examples in Table 2.
For the last category, the results presented in Table 8 is used to observe the sensitivity of
IYRH’s algorithm due to three initial points using example 3 from Table 2. It is clear that IYRH’s
function can be used to solve the global optimization problems from any initial point.

2,54

f)

0,54

Figure 3. Graph of f,,(x) one of the 100 one-dimensional randomized test functions

Solving one-dimensional unconstrained global optimization problem... (Ismail Bin Mohd)
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Table 4. Numerical Results of a Set of 20 Test Functions by IYRH’s Algorithm

N k j/n Xo X xl(Q x,(w"i xffn x,(w"i xE*
1 0 1/1 -1.5 -1.41421 -0.982448 -0.1 0.18688 0.5
3/2 1.06955 1.41421 8.0460129 2.04497
1 1/1 10
2 0 1/1 2.7 3.38725 3.78614 4.1966 4.68536 4.77334
1 1/1 5.14574 5.6704 6.21731 6.60591 7.00015
3 0 1/1 -9.4 -9.03744 -8.78099 -8.54977 -8.25976 -8.00868 -8.24149
1 1/1 -8.00868 -7.6897 -7.39728 -7.09257 -6.77458 -6.90218
2 1/1 -6.77458 -6.50838 -6.20297 -5.9699 -5.70624
3/2 -5.46785 -5.21159 -4.97098 -4.71981
5/3 -4.47764 -4.23167 -3.9846 -3.73921
714 -3.49188 -3.25263 -2.996 -2.75426
9/5 -2.4978 -2.26658 -1.97658 -1.72549
11/6 -1.40652 -1.1141 -0.809383 -0.491391 -0.491391
3 1/1 -0.491391 -0.225195 0.0802188 0.313287 0.57695
3/2 0.815333 1.07159 1.3122 1.56337
5/3 1.80555 2.05152 2.29859 2.54398
714 2.7913 3.03056 3.28718 3.52893
9/5 3.78538 4.01661 4.30661 455769
11/6 4.87667 5.16909 5.4738 5.79179 5.79179
4 1/1 5.79179 6.05799 6.3634 6.59647 6.86014
3/2 7.09852 7.35478 7.59539 7.84656
5/3 8.08873 8.3347 8.58177 8.82716
714 9.07449 9.31375 9.57037 9.81211
4 0 1/1 1.9 2.86803
5 0 11 0 0.0793517 0.15548 0.247978 0.314097 0.398387
3/2 0.44637 0.496343 0.569406 0.629167
5/3 0.721013 0.794718 0.887021 0.927292
1 1/1 0.966086 1.05752 1.13904
6 0 1/1 -10 -0.679579 2.98021e-009 0.679579 1.17698
7 0 1/1 2.7 3.43923 3.78421 4.13614 4.6866 4.56652
1 1/1 5.19978 5.66958 6.15443 6.60654 7.06776
8 0 11 -9.7 -9.28634 -9.03059 -8.79406 -8.52587 -8.45402
1 1/1 -8.29039 -7.98039 -7.70831 -7.39207 -7.31459
2 1/1 -7.08351 -6.79634 -6.47857 -6.23259 -5.94894
3/2 -5.71688 -5.4614 -5.21924 -4,96318
5/3 -4.72391 -4.47753 -4.23112 -3.98396
714 -3.73827 -3.49725 -3.24447 -3.00316
9/5 -2.74741 -2.51088 -2.24269 -2.0072
11/6 -1.6972 -1.42513 -1.10889 -0.800321 -0.800321
3 11 -0.800321 -0.513159 -0.195386 0.0505096 0.334244
3/2 0.566304 0.821784 1.06394 1.32
5/3 1.55927 1.80566 2.05197 2.29923
714 2.54492 2.78593 3.03872 3.28003
9/5 3.563578 3.77231 4.0405 4.27598
11/6 4.58598 4.85806 5.1743 5.48286 5.48286
4 1/1 5.48286 5.77003 6.0878 6.33378 6.61743
3/2 6.84949 7.10497 7.34713 7.60319
5/3 7.84246 8.08884 8.33515 8.58241
714 8.8281 9.06912 9.3219 9.56321
9/5 9.81896
9 0 11 3 5.36225 6.73129 8.39609 9.42478 10.4535
3/2 12.1183 13.4873 15.3753 15.9845
1 1/1 17.0392 18.8496
10 0 1/1 0 2.02876 3.6436 4.91318 6.57833 6.56409
1 1/1 7.97867 9.62956
11 0 1/1 -1.57 4.76837e-009 0.935929 2.0944 2.57376 3.14159
3/2 3.70942 4.18879 5.34726
12 0 11 0 0.785398 1.20593 1.5708 2.35619 1.98146
1 1/1 3.14159 3.50646 3.92699 4.34753 4.71239 4.71239
2 1/1 4.71239 5.49779
13 0 1/1 0.001 0.707107
14 0 1/1 0 0.22488 0.449761 0.72488 0.949761 1.22488
3/2 1.44976 1.72488 1.94976 2.22488
5/3 2.44976 2.72488 2.94976 3.22488
714 3.44976 3.72488 3.94976
15 0 1/1 -5 -0.414214 0.267949 2.41421 3.73205
16 0 1/1 -3 3
17 0 1/1 -4 -3 -2.38396 -1 -0.56277 1.054185e-008
3/2 0.56277 1 2.38396 3 3
5/3 3
18 0 11 0 2 3. 1)
19 0 1/1 0 0.41032 1.0472 1.68408 2.0944 2.50471
3/2 3.14159 3.77847 4.,18879 459911
5/3 5.23599 5.87287 6.28319
20 0 1/1 -10 -1.19514 -0.69004 -1.61476e-010 0 1.61476e-010
3/2 0.69004 1.19514 1.69015
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Table 5. The Comparison of Relative Errors of Minimum Value and Minimizer of Table 1

Global Minimum Value

Global Minimizer

N Lagrange IYRH’s . IYRH’s . Lagrange
interpolation algorithm Relative error algorithm Relative error interpolation
1. 1.02e-8 -29763.23334  1.300253442e-9 10 0.0 2.97e-7
2. 1.18e-7 -1.8996 1.379501097e-6 5.14574 8.135723392e-7 4.46e-8
3. 3.15e-8 -12.0312 3.06954672e-6 -6.77458 5.016350666e-7 1.52e-6
3.15e-8 -12.0312 3.06954672e-6 -0.491391 0.0 1.52e-6
3.15e-8 -12.0312 3.06954672e-6 5.79179 7,361834923e-7 1.52e-6
4. 1.35e-7 -3.85045 0.0 2.86803 1.110062719e-6 3.69%e-7
5. 1.01e-6 -1.48907 0.0 0.966086 2.03449486e-6 2.14e-6
6 6.04e-7 -0.824239 0.0 -0.679579 0.0 1.01le-5
7. 2.89%e-6 -1.60131 3.84423173e-6 5.19978 0.0 2.49e-7
8. 6.69e-7 -14.508 0.0 -7.08351 4.948347907e-7 7.16e-7
6.69e-7 -14.508 0.0 -0.800321 0.0 7.16e-7
6.69e-7 -14.508 0.0 5.48286 0.0 7.16e-7
9. 3.76e-7 -1.90596 0.0 17.0392 1.108708908e-5 1.10e-5
10 3.08e-7 -7.91673 0.0 7.97867 3.341240937e-6 3.83e-6
11 1.49e-8 -3 0.0 4.76837e-009 0.0 1.66e-7
12 5.74e-9 -1 0.0 3.14159 0.0 3.68e-8
5.74e-9 -1 0.0 4.71239 1.750581062e-7 3.68e-8
13 2.55e-9 -1.5874 0.0 0.707107 0.0 8.46e-6
14 2.16e-7 -0.788685 0.0 0.22488 4.082015863e-6 3.72e-6
15 6.97e-9 -7.03553 0.0 -0.414214 7.35e-6
16 4.70e-10 0.0111090 0.0 3 0.0 1.80e-9
17 1.68e-9 7 0.0 -3 0.0 1.31e-7
1.68e-9 7 0.0 3 0.0 1.31e-7
18 1.27e-5 1.97215 e-031 0.0 2 0.0 6.99e-5
19 5.08e-7 0.467511 0.0 0.41032 0.0 6.17e-7
20 1.38e-7 -0.0634905 0.0 -1.19514 0.0 8.53e-6
Table 6. Numerical Results of f;,(x) by IYRH’s Algorithm
N k j/n Xo Xy XL(Q x,(;,)( xi(j(“) xl(f,)c x,f*
21 1/1 -5 -4.94728 -4.83149 -4.70524 -4.56113 -4.51102
1 1/1 -4.40585 -4.24739 -4.06127 -3.90347 -3.72308
3/2 -3.48405 -3.17118 -2.86885 -1.78366
2 1/1 -1.34952 -0.762247 -0.434035 -0.211967 -0.0283928
3/2 0.194441 0.372753 0.555842 0.720526
5/3 0.858072 0.983464 1.13369 1.27036
7/4 1.38786 1.49935 1.6191 1.73018
9/5 1.84105 1.94761 2.04578 2.13882
11/6 2.24384 2.34491 2.43053 2.51298
13/7 2.61041 2.70403 2.78338 2.86058
15/8 2.94927 3.03458 3.111 3.18578
17/9 3.26598 3.34343 3.4181 3.49135
19/10 3.56437 3.63526 3.70814 3.77964
21/11 3.84724 3.91324 3.98374 4.05282
23/12 4.11674 4.17944 4.2469 4.31295
25/13 4.37456 4.43522 4.49921 4.56184
27/14 4.62208 4.68152 4.74192 4.80109
29/15 4.86042 4.91905 4.97605
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Table 7. Comparison of the Numerical Results by IYRH’s Algorithm with Two Other Methods

Example nfl/nfM/nfL nf*l/nf*M/nf*L nFI/nFM/NA nF*I/nF*M/nF*L
1 27/1361/failed 27/1361/failed 55/1141/failed 62/1211/failed
2 16/170/failed 16/170/failed 16/72/failed 22/132/failed
3 104/339/failed 104/339/failed 35/236/failed 57/296/failed
4 8/418/failed 8/504/failed 9/309/failed 19/429/failed
5 18/505/failed 18/505/failed 20/397/failed 31/457/failed

The meaning of the abbreviations used in Table 8 is as follows:

- nfl, nfM and nfL are the number of function evaluations needed to yield the global minimum
of IYRH'’s, Ma et al.’s and Lucidi and Picialy’s algorithms respectively.

- nf*l, nf*M and nf*L are the number of function evaluations needed to satisfy the stopping
criterion of IYRH’s, Ma et al.’s and Lucidi and Piccially’s algorithms respectively.

- nFl, nFM and nFL are the number of filled function evaluations needed to obtain the global
minimum of I'YRH’s, Ma et al.’s and Lucidi and Piccially’s algorithms respectively.

- nF*l, nF*M and nF*L are the number of filled function evaluations needed to satisfy
the stopping criterion of IYRH’s, Ma et al.’s and Lucidi and Piccially’s algorithms respectively.

- 5.*failed” means the method of Lucidi and Piccially fails to achieve the results.

Table 8. Numerical Results due to 3 Different Initial Points for Example 3 of Table 2

Xk jm i ik it X Xiai X
-12 0 1/1 -10.8789 -9.99355 -9.10281 -8.00645 -7.87069
1 11 -6.91954 -5.99355 -5.06151 -4.00645 -3.67996
2 11 -2.95985 -1.99355 -1.02048 -0.00645042 0.594662
3 1/1 1 2.00645 3.02048 3.99355 4.95985
3/2 6.00645 7.06151 7.99355 8.91954
5/3 10.0065 11.1028 11.9935
-9.6 0 11 -10.8789 -9.99355 -9.10281 -8.00645 -7.87069
1 11 -6.91954 -5.99355 -5.06151 -4.00645 -3.67996
2 1/1 -2.95985 -1.99355 -1.02048 -0.00645042 0.594662
3 11 1 2.00645 3.02048 3.99355 4.95985
32 6.00645 7.06151 7.99355 8.91954
5/3 10.0065 11.1028 11.9935
-5.6 0 1/1 -6.91954 -5.99355 -5.06151 -4.00645 -3.67996
1 1/1 -2.95985 -1.99355 -1.02048 -0.00645042 0.594662
2 11 1 2.00645 3.02048 3.99355 4.95985
32 6.00645 7.06151 7.99355 8.91954
5/3 10.0065 11.1028 11.9935

8. Comparison and Discussion
The graphical comparison between IYRH’s filled function method with other best current
filled function methods (1)-(4) included tunneling and bridging methods, will be presented.

8.1. Comparison with the Tunneling Method [8]

The weakness of tunneling method [8] T(x,T) = (f(x) — f(x))/[(x — x)T(x — x)]*
appeared when Newton’s method is used since the non-convexity problem. Fortunately, [YRH’s
filled function can be utilized (Theorem 6 and Theorem 7) using the radius of curvature applied
to Newton’s method to find the root of non-convex problems. For example 7 [8], the tunneling
method can only obtain the global minimizer, whereas IYRH’s algorithm can obtain the entire
extreme and inflection points in considered domain.

8.2. Comparison with the Bridging Method [41]
The bridging function [41]:
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r(x) (G > x)or (f) 2 7))
fr=1re) - M (e > x0) and (r(x) — e < f(x) < 7(x)))
G+ (G > x0) and (f(x) < r(x) < £))
I(x) (G > x0) o7 (F() 2 1))
fi=11) —M (e > x0) and (1(x) = & < f(x) < 1(x)))
G+ (G > x0) and (F(x) < 1(x) < £))

which is strongly depended on the parameters §,, 8;, &, 6 and d where §,, 6;, and g,
must be predetermined, where r(x) = r(x,xy,6) = f(xy) — §(x — x5), and I(x) = l(x,x,,6) =
f(xo) +8(x — xp).

The authors suggested that 6§, should be chosen first and it should big enough so that
when § > 8, the computer does not treat —§ as zero. They suggesteds, = 1072 or 1073,
8, =0.10r 1, and d is choosen such that §,/d* = §,. We are lucky since IYRH’s algorithm did
not face any situation like that.

8.3. Comparison with the Two-Parameter Filled Function

The graph of f.(x) = cos(3x/5) cos(2x) + sin(x) (0.5 < x < 12) is given in Figure 4 (a)
and the graph of Fgzy(x,x7) (x € [1.34096,2.73151]) of f is given in Figure 4 (b) where
x; = 1.34096. The graphs of the filled functions (1) with p=1and r =1— f(x), (2) with
p=>5and u=1, (3) with p=1 and r =1—- f(x)and (1.4) with x, =2, 7 =10 are given in
Figures 5 (a)-(d) respectively. Contrast to F;zy, (a) F; has the infinity structure (flat) and strongly
depended on p and r. Therefore F; becomes inefficient, (b) F, discontinuous at a point
x' € (2,3). This condition makes the minimizing difficult, (c) according to (3), they actually have
four parameters to be adjusted (see [29]) and (d) a (see (5)) contain a parameter £ > 0, which is
also difficult to be adjusted, and it is clear that Fy is not a one-parameter filled function.

(b)

Figure 4. Graps of (a) f(x) and (b) Fizy at x; = 1.34096
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1, = 1091
5. % 1091
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Figure 5. The graphs of (a) Fg, (b) Fy, (C) F;s, (d) Fy

8.4. Comparison to the Parameter Free Filled Function

Ma et al. [34] suggest a PFFF (6) at x;, of f. When applied to Example 9 in Table 1 at
x; = 5.36225, it yields a graph as in Figure 6. It is clear that, F, is discontinuous at xZ*, and
almost flat for x such that f(x) < f(x;) whereas F;y is continuous as shown in Figure 7.

Figure 6. Example 9 in Table 1

8.5. Conclusion

_ )

-104

=154

F IRH[x.x;]

5 C S 18- - - - e 20

Figure 7. Example 9 in Table 1

This article introduces a new IYRH’s method which absolutely different from other filled
function methods, in finding all extreme and inflection points of f:D € R — R According to
the results listed in Tables 4-8, this method never fail compute all those points. Thus, this
method is an efficient and reliable method for solving the global optimization problems
numerically and analytically. Therefore, the IYRH’s method is far more advanced and superior
than other most of the filled function methods published in the literature.

Acknowledgement

The authors would like to express their gratitude and appreciation to the KALAM Jurnal
and Universiti Teknikal Malaysia Melaka for their firm and undivided support towards

this research.

TELKOMNIKA Vol. 17, No. 4, August 2019: 2125-2138



TELKOMNIKA ISSN: 1693-6930 m 2137

References

(1]
(2]
(3]
(4]
(5]
(6]
[7]
(8]
9]
(10]
[11]
[12]
(13]

[14]
[15]

[16]

[17]

[18]
[19]
[20]
[21]
[22)
[23]
[24]
[25]
[26]
[27)
[28]
[29]

(30]

(31]

Barhen J, Protopopescu V, Reister D. TRUST: a deterministic algorithm for global optimization.
Science. 1997; 276(5315): 1094—1097.

Cetin BC, Barhen J, Burdick JW. Terminal repeller unconstrained subenergytunnelling (TRUST) for
fast global optimization. Journal of Optimization and Applications. 1993; 77(1): 97-126.

Dixon LCW, Gomulka J, Herson SE. Reflection on global optimization problem. In Dixon LCW. Editor.
Optimization in Action. New York: Academic Press. 1976: 398—435.

Ge RP. A filled function method for finding a global minimizer of a function of several variables.
Mathematical Programming. 1990; 46(1-3): 191-204.

Ge RP, Qin YF. A class of filled functions for finding global minimizers of a function of several
variables. Journal of Optimization Theory and Applications. 1987; 54(2): 241-252.

Ge RP, Qin YF. The globally convexized filled functions for global optimization. Journal of Applied
Mathematics and Computation. 1990; 35(2): 131-158.

Horst R, Pardalos PM, Van Thoai N. Introduction to Global Optimization. Dordrecht: Kluwer
Academic Publishers. 1995.

Levy AV, Montalvo A. The tunnelling algorithm for the global minimization of functions. SIAM Journal
of Scientific and Statistical Computing. 1985; 6(1): 15-29.

Pardalos PM, Romeijn HE, Tuy H. Recent development and trends in global optimization. Journal of
Computational and Applied Mathematics. 2000; 124(1-2): 209-228.

Yao Y. Dynamic tunnelling algorithm for global optimization. IEEE Transactions on Systems, Man
and Cybernetics. 1989; 19(5): 1222-1230.

Goldstein AA, Price JF. On descent from local minima. Mathematics of Computation. 1971; 25(115):
569-574.

Trecanni G. A global descent optimization strategy. In: Dixon LCW, Szego GP. Editors. Towards
Global Optimization. North-Holland, Amsterdam. 1978; 12: 165-177.

Mohd IB. An interval global optimization algorithm for computing and bounding the real zeros of
functions with one variable. Journal of Computational and Applied Mathematics. 1990; 31: 373-382.
Hansen E. Global optimization using interval analysis. New York: Marcel Dekker. 1992.

Mohd IB. Computable error bounds for optimization problem with parallelepiped constraint. Journal of
Computational and Applied Mathematics. 1995; 58(2): 183-192.

Mohd IB. Identification of region of attraction for global optimization problem using interval symmetric
operator. Journal of Applied Mathematics and Computation. 2000; 110(2-3): 121-131.

Adjiman CS, Dallwig S, Floudas CA, Neumaier A. A global optimization methof, aBB, for general
twice-differentiable constrained NLPs-1. Theoretical advances, Computers Chem. Engang. 1998;
22(9): 1137-1158.

Bohachevsky 10, Johnson ME, Stein ML. Generalized simulated annealing for function optimization.
Technometrics. 1986; 28(3): 209-218.

Fogel DB. An introduction to simulated evolutionary optimization. IEEE Trans. Neural Networks.
1994; 5(1): 3-14.

Lera D, Sergeyev YD. Acceleration of univariate global optimization algorithms working with Lipschitz
function and Lipschita first derivative. SIAM J. OPTIM. 2013; 23(1): 508 -529.

Sergeyev YD. Global one-dimensional optimization using smooth auxiliary functions. Mathematical
Programming. 1998; 81(1): 127-146.

Liu X. Finding global minima with a computable filled function. Journal of Global Optimization. 2001;
19(2): 151-161.

Lin Y, Yang Y, Zhang L. A novel filled function method for global optimization. Journal of Korean
Mathematical Society. 2010; 47(6): 1253-1267.

Yang Y, Shang Y. A new filled function method for unconstrained global optimization. Journal of
Applied Mathematics and Computation. 2006; 173(1): 501-512.

Wang C, Yang Y, Li J. A new filled function method for constrained global optimization. Journal of
Computational and Applied Mathematics. 2009; 225: 68—79.

Zhang LS, Ng CK, Li D, Tian WW. A new filled function method for global optimization. Journal of
Global Optimization. 2004, 28(1): 17-43.

Gao C, Yang Y, Han B. A new class of filled function with one parameter for global optimization.
Journal of Computers and Mathematics with Applications. 2011; 62(6): 2393-2403.

Xu Z, Huang HX, Pardalos PM, Xu CX. Filled functions for unconstrained global optimization. Journal
of Global Optimization. 2001; 20(1): 49-65.

Lucidi S, Piccialli V. New classes of globally convexized filled functions for global optimization.
Journal of Global Optimization. 2002; 24(2): 219-236.

Goh KW, Mohd 1B, Dasril Y. Solving global optimization problems by using filled function.
Proceedings of the 3 IMT-GT Regional Conference on Mathematics, Statistics and Applications,
Universiti Sains Malaysia. 2007.

Goh KW, Mohd IB, Dasril Y. Slide by slide method in solving global optimization problems. The 3/
International Conference on Mathematics and Statistics (ICoMS-3). Bogor. 2008.

Solving one-dimensional unconstrained global optimization problem... (Ismail Bin Mohd)



2138 m ISSN: 1693-6930

[32]
[33]
[34]
[35]
[36]
[37)
[38]
[39]
[40]
[41]
[42]
[43]
[44]

[45]

Goh KW. Global optimization using filled function method. MSc thesis. Universiti Malaysia
Terengganu; 2009.

Mohd 1B, Wen GK, Dasril Y. New class of non-parameter filled function. Journal of KALAM. 2009;
1(1): 6-14.

Ma S, Yang Y, Liu H. A parameter free filled function for unconstrained global optimization. Journal of
Applied Mathematics and Computation. 2010; 215(10): 3610-3619.

Wen GK, Mamat MB, Mohd IB, Dasril YB. Global optimization with nonparametric filled function. Far
East Journal of Mathematical Sciences. 2012; 61: 51-64.

Wolfe MA. Numerical Methods for Unconstrained Optimization: An Introduction, Van Nostrand
Reinhold Company. London. 1978.

Yang Y, Bai F. An integral function and vector sequence method for unconstrained glonal
optimization. Journal of Global Optimization. 2011; 50: 293—-311.

Sauer T. Numerical Analysis. USA: Person Education. 2006.

Grossman Sl. Calculus. Third Edition. Academic Press. 1984.

Dennis JE, Schnabel RB. Numerical Methods for Unconstrained Optimization and Nonlinear
Equations. Prentice-Hall. 1983.

Liu Y, Teo KL. A bridging method for global optimization. Australian Mathematical Society B. Applied
Mathematics. 1999; 41(1): 41-57.

Kvasov DE, Sergeyev YD. A univariate global search working with a set of lipschitz constants for the
first derivative. OptimLett. 2009; 3(2): 303-318.

de Klerk E, Elabwabi EG, Den Hertog D. Optimization of univariate functions on bounded intervals by
interpolation and semidefinite programming. CentER Discussion Paper Series. 2006.

Hansen P, Jaumard B, Lu SH. Global optimization of univariate Lipschitz function: Il. New algorithms
and computational comparison. Mathematical Programming. 1992; 55(1-3): 273-292.

Pinter J. Global Optimization: Software, test problem, and applications. In: Pardalos PM, Romeijn HE.
Editors. Handbook of Global Optimization. Kluwer, Dordrecht. 2002; 2: 515-569.

TELKOMNIKA Vol. 17, No. 4, August 2019: 2125-2138



