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In this paper, we presented two developments, the first deals with
generalizing the modernization of the damped Dai-Liao formula in an
optimized manner. The second development is by suggesting a monotone
line search formula for our new algorithms. These new algorithms with the
new monotone line search yielded good numerical results when compared to
the standard Dai-Liao (DL) and minimum description length (MDL)
algorithms. Through several theorems, the new algorithms proved to have a
faster convergence to reach the optimum point. These comparisons are
drawn in the results section for the tools (lter, Eval-F, Time) which are a
comprehensive measure of the efficiency of the new algorithms with the
basic algorithms that we used in the paper.
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1. INTRODUCTION

Let us define the function (1):

F:QcR"->R"

€]

Then the issue that we discuss in this article is (2):

F(x)=0,x€en

O]

When the solution vector x € R™ and the function F is continuous and satisfy the monotonous inequality i.e.,

[FG) —FOI"(x—y) 2 0

®)

There are several ways to solve this problem, such as the Newton method, and the procedure of
conjugating gradients [1], [2]. Applications around this type of method have continued to this day [3]-[5]. Here,
we talk about monotonous equations and their solving methods for their importance in many practical
applications. For more details see [6]. The projection technique is one of the important methods used to find the
solution to (1). The two researchers Solodov and Svaiter [7] gave their attention to the large-scale non-linear
equations. Recently, many researchers implemented new articles on the topic of finding solutions to some
constraints or unconstraint monotony equations. in various methods, so it had an aspect of interest as in [8]-[15].
The projection technique relies on being accelerated using a monotone case F and updating the new point

using repetition:
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Z = X + apdy 4
As an initial iterative and the hyperplane is:
Hy = {x € R™"F(z)" (x — z) = 0} ()

To start using the projection technique, we use the update of the new point x,,, as given in the [6]
to be the projection of x;, onto the hyperplane H,. So, can be evaluated (6).

F(z)T (e—20)
X1 = Polxy — & F(z)] and & = W (6)

Specifically, this document is laid out: specifically, we present the suggested generalized damped
Dai-Liao (GDDL) method in section 2. A novel monotone line search was proposed, and the penalty of
generalized Dai-Liao (DL) parameters was determined in section 3. Section 4 proves global convergence.
In section 5 we provide the results of our numerical experiments.

2. GENERALIZED DAMPED DAI-LIAO

The thinking of many researchers was concerned with finding a suitable parameter for the method
of the conjugate gradient (CG) and imposing conditions on it to make the search direction conjugate and
reach the smallest point of the function faster and limited steps. One of these researchers was Dai-Liao who
provided an appropriate parameter that always makes the direction of the search in a state accompanied by a
parameter v € (0,1), for more details see [16].

T T
DL _ 9k+1Yk _ . Ik+15k (7)
k - T T

dp Yk dp Yk

Later Abubakar et al. [17] modified (6) by using the new formula of ¢t and the projection technigue in
their formula. Fatemi [18] presented a generalized method for the Dai-Liao parameter and its derivation by
applying the penalty function to the parameter to achieve a sufficient descent condition in the search direction.
In this section we will rely on the same previous techniques with the addition of a damped quasi-Newton
condition as in the following derivation:

1
q(d) = fis1 + Gierrd + EdTBkHd 8
With Vq(ay1dr+1), the gradient of the model in x,,, as an estimation of g,.,,. It is easy to see that:

Vq(ar+1dk+1) = Gr1 + Aps1Brsrd %)

Unfortunately, a,,, in (4) is not available in the current iteration, because d,; is unknown. Thus,
we modified (4) and set.

Ji+2 = k1 + t Byyqd (10)

Where t > 0 is a suitable approximation of a,,,, . If the search direction of the CG-method.

dis1 = —Gre1 T+ Brdi (11)

In an efficient nonlinear CG method, we introduce the following optimization problem based on the
penalty function:

rr[l;in[g;+1dk+1 + PZTizl[(glesk—i)z + (d£+1yk—i)2]] (12)

Ifm=1,2,3,4,5,..,n. Now, substituting (10), (11) in (12), and using the projection technique we obtain:

, 2
";lgf{n [_”Fk+1”2 + Begir1di + P I [(Fiyask—1)? + 2tFisrSk—i dier’ BeaaSi—i + t2(dicer” BisaSk—i) +

(Fl1Yi-0? = 2BFis Yiemi Vet + (Bedfyi-)?]] (13)
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After some algebraic abbreviations, we get the:

1
B = . [—Fry1di + 2P X% Fiy V-1 Yi—i + 2t2P X% Fiy1Bies1 Sk—iQi Biey1 Sk—i —
2tP X7y Fy1Sk—i df Biy1Sk—i] (14)

Where:
@ = 2t*P Y7L (df Bry1Sk—)* + 2P X121 (di yie—1)?

To get a new parameter, let us assume that the Hessian approximation B, to satisfy the extended
damped quasi-Newton (QN) equation and with the incorporation of the use of projection technology we get:

. = i . — L) = i D  _ 5D .
_; _
Brt1Sk—i & (txYk—i + (1 — T4) Brsk—y) L Vie—i (15)

And &, is the projection step.

o T T
1 Uf Sk—iVk-i = Sk—iBrSk-i
T = 7 Sh_;BiSk—i i T T (16)
—_— if Sp_iVie—i < Sp_iBrS,_;
ST BRSk—i—Sh Vet f Sk—iVie-i < Sk-iBiSk-i
Then,
T T T T _D ,T-D
new — —Fr419k + 1%y Fir1 V- i9kYk—i 2 N1 P Vie—iie Vie-i
- T-D \2, (T 2 T-D \2_ (T 2 T-D \2, (4T 2
2Py (2(dfyp-) +(dfvi—d) ) R (e2(dfvp-) +(dfvi—d) ) B (e2(afvp) +(dfvi—i))
T T-D
tzﬁle+1Sk—idkyk—i (17)

_ 2 2
s (e2(af v )" +(dfvi-)")

So, there are two possible scenarios for this parameter such that, case I: if sT_;y,_; = sT_;BySi_; thent, = 1

and y2_; = y—é‘;".

2 om LT T
T T T =7 Zi=1 Fir1Vk—idYk—i
newl _ —Fr41dk Z?;1Fk+1yk—idkyk—i g 1k sk '
k B m (2T 2 2 m (2T 2o 2 m (2.7 o 2
2PY, g(dkyk—i) +(dgyi-i) Yizq g(dﬂk—i) +(diyi—i) X g(dek—i) +(diyi—i)

t <m T T
Fp Zi=1 Fler1Ske—idkVie-i

18
m (t2,.T 2 or 2 (18)
i1 g(dkyk—i) +(dgyi—i)
Put Sk = fkdk'
ﬁnewl I R yk—idpyi-i &t I Fiy1Sk=id Vie—i _ EkFige15k (19a)
fh =

Z Z Z
g1(d£Yk—i) (t2+1) ‘{r=l1(dEYk—i) 2P1(t2+1)2’i1;1(dEYk—i)

To investigate the proposed method when P, approaches infinity, because by making this coefficient
larger, we penalize the conjugacy condition and the orthogonality property violations more severely, thereby
forcing the minimizer of (10) closer to that of the linear CG method.

T T T T

newl — Yini Fes1Vik—idkVie—i Skt Yimg Fry1Sk—idkVr—i (19b)
- 2 2 2

IE(dfy-i) (41D 37 (dfyi-i)

When compared to (6), we notice that the value is:

t 1
U= v € (0,3) (20)
D
Case II: if s7_;vi_; < sf_;Bys_; then yP_; = ’g"' from (12) and s, = &,d,, by projection, the technique to
k

convert the B¢ form to:
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ﬂnewz - [ 3 1Fk+1yk 19k Vi _ Sk Tiz 1Fk+15k 19k Vi-i ] [ ppi 1Fk+1yk D Vk—i
(tz(dkyk l.) +& (dfyi—i) ) (tz(dkyk J +ER (k- 1) tz(dkyk L) +7 (A yie-i) )

i s ] 1)
2p, 5% (¢2(af v ) +€8 (L yi-)”)

Now using algebraic simplifications, we obtain:

Brev? = #(ZﬁﬂﬁFkTﬂ)’k—i — toFipaSe—id + Z:&% EaltsFeeaYii — taFieaSie—id —

R Fras) (222)
ie.,

¢ = T (2 (diye-0® + &R (diye-0?)

t,=t2t2+&andt, =t &1 — t21 (1 — 1)
t3 = tsz(l - Tk) and t4, =t fk(l - Tk) - tz(l - Tk)z)

As we talked about (P;) then (P,) when you come close to infinity, then we use the parameter
omitted from this limit:

1 df i
pee? = ﬁ(2ﬁ1[t1FkT+13’k—i — tF Sk + Zln1dlrcsk i 1ltsFisYie-i t4FIcT+15k—i])(22b)

To obtain better results as in section 5. We have another paper on this type of method, but without
generalizing the original formula [17].

3. NEW PENALTY PARAMETER

Due to the importance of concomitant gradient methods in this paper, we highlight them in the
derivation of new algorithms. Now, we will derive more coefficients of the penalty function. Although, in this
formula, we will focus on the two new parameters defined in the (19) and (22) respectively, then we will check
and update the derived parameters by relying on the appropriate direction of regression of the CG method:

3.1. Lemmal

Assume that the sequence of the solution generated by the method (19) with monotone line search,
then for a few positive scalars 8, and §, satisfying §; + §, < 1, we have:

F£+1dk+1 < _(1 - 61 - 62)”Fk+1”2 (23)

282(yksk)
it =11 < \/nskuz:”lusk il (24)

2
Pl _ 2 681IFk41ll .Ai <1 (25)

Z
m(t2+1) ilnlaJ;n((yk_i—O.S Aisk—=1)TFr41)

When:

Proof: if we used (5) and (14) then:

1

Fir1disr = —1Fiee 1> + - z <(FIZ+1YR)(yI€Sk)(FIZ+1Sk) (Fk+1sk)(yksk)(Fk+1sk)>

2 (Vie—isK)
2
$k (Fier15K) (26)

2P1(t2+1) Zm1(yk lSk)

(t2+1)

Since 1, < 1, implies that:
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Fliidisr < —lFeall? + 427,1 T ) s 1(((3’k i 0.5/1i5k_i)TFk+1)(y,f_isk)(F,LlSk))+
i=1Vk-iSk
1 &kt 1 m T T & (FkT+15k)2
(- ) oy Pl D D) (s = gt = e (27)

Using this inequality xy <t x +2 y where x, y and t’ are positive scalars, we have:

Fk+1dk+1 ~|Fi4lI? —221 1 (k- O-SAiSk—i)TFkH)Z()’;Z—isk)z +
I. 1(yk iS k) )
m &k (§rt-1)
—— — (FF. .s.)%* — FT. .s.)% +—f—_ym |sT_F FT .s 28
Z}Zl(y,f_iSk)zt’( 15k 2P12{Z1(y,€_isk)2(t2+1)( k+15k) 2yTs(t2+1) i=11Sk—iFie+1] 1 Fiex1Sk| (28)

Lett' =2mP,(t2 + 1),

pym(t?+1
FkT+1dk+1 < _”gk+1”2 +— (2 )izrllwfn(()’k—i - 0-5/1i5k—i)TFk+1)2 +
(Ext-1)2
TSk (C241D) ilsk—iFresa] 1Fyasil (29)

By Cauchy-Schwarz inequality implies:

Py(t“+1
Fipqdisq < — [1 %_‘_1”2)._ max (()’k i = 0.52;5k-) Fi1)? —
(Ext-1)2
il 2 sl 1 2 (30)
Fir1disr < —(1 =8, = 83) < —pyllFeqsll? (31)

Since t is an approximation of the step size, we use the updated formula:

. 28, (yisk)
1| <« |—222Vk%k)
{5" 18t =11 < s e
2 62(3/,?5;()
RN s 0.w.

Hence, the proof is completed.

3.2. Lemma 2
Assume that the solution sequence is generated by the new method (16) with a monotone line
search, then for a few positive scalars &3, 84, 65 and 8¢ satisfying 65 + 8, + &5 + 8¢ < 1, we have:

Fiirdisr < —(1 =83 = 84 — 85 — 86) | Fiesa 1 (33)

2 T
It, — 2] < /% & |ty — 2| < \Z05t2(1 — 71)? (34)
[Isell ZiZ1 skl

And

_ 2 83]IFg41I? _ 2 85| Fq1ll?
Pyq = P zand Py, = p 2 (39)
m l.:“}a’;l((fi Vi=i=0.5 ;ST Fre41) m ig;a);n((fs Vi-i=0.5 AiSk—) T Fre1)

A; < lisascalar.

Proof: we substituting (16) in (9) and multiplying by F, ,; that:

1
Fioadirr = =1 Fesall®> + ﬁ( Pt (Bl O isi) (Flyisi) — o (Fly s ) Ok _isi) (Flyisi)] +

djeSk-i ¢
Z:nldéfsk L alts il yie-0) Ok—isi) (Fipasi) — (FIZ+1Sk—i)(y;—isk)(F;+1sk)]) - ﬁ(FkTHSk)Z(SG)
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1 1 J1
Fii1diss = = Fesall® + Fzyiﬁ(tﬂ’k—i — 0.52;8k-) " Fier1) Wi—iSi) (Fly1si) + F[E -
1
tz] I (FivaSk—) k-5 (FiaSi) + FZﬁil((tsyk_i — 0.52;8k-) " Fier1) (Sfsi) (Fily150) +
11 3
iy | EE FLasi-) (5T (Flaas) = g (FLasi)? (37)

By following the same steps in lemma 3.1 we get:

(t2-2)*
Fiy1dier < =l1Feeall? + Pog X2 ((61Y5—i = 0.54;5,-)" Fiey1)? + 25%3/;3% ilskoiFisnl 1Fdsasel +
(t4=2)?
Py 2721 ((t3Yk—i — 0.54;5k—) Fiee1)® + m ?;1|51€—iFk+1| | Fies 1Skl (38)
By Cauchy-Schwarz inequality implies:
(t2-2)?

1—=mPy, ifllaxm(tlyk‘i = 0.52;5-:) — 25%)’;7;% lIsicll 22 llsk—ill —
Flondiess < — o . IFeall? (39)

mPap max (t3yi-i = 0-5is-1)" = 57— oo Isicll Zia llsie— |

Then, Fify dirq < —(1 = 83 — 84 — 85 — 8)IFea I < —p2llFiqs|I?

The proof is completed. In the next paragraph we talk about the Algorithm 1 (minimum description length
conjugate gradient (MDL-CG)) used for numerical comparison which is an update of the Dai-Liao algorithm:

Algorithm 1. MDL-CG [19]

Given x, € Q,r,0 € (0,1), stop test e > 0, set k = 0.
Step 1: evaluate F(x;) and test if ||F(x;)|| < € stop else goes to step 2.

; MDL _ Fis1Vk Fi15k llyll? SkYk
Step 2: evaluate dj, by (9) and substitute f;'°* = —“2~=— v, “2—=and v, =p———q%. dy =0,
YiSk Vi Sk SE Yk [Iskll

is the stopping criterion.
Step 3: compute z, = x; + a,dy, with the step-size a;, = r™* .

—F(xy + r™dy)"dy > or™||F (xy + r™dy) |l die I (40)

Step 4: check if z;, € Q and ||F(z,)]|| < € stop.
Step 5: let k = k + 1 and go to step 1.

The new Algorithm 2 (GDDL-CG) is a generalization according to the value of m and it is an update and
suppression of the Dai- Laio algorithm as in the steps:

Algorithm 2. GDDL-CG

Givenx, € Q,r,0,u,y € (0,1), stop teste > 0, set k = 0.

Step 1: evaluate F(x;) and test if ||F (x;)|| < € stop else goes to step 2.

Step 2: when y!'s, > sTs, compute P; from (25) and if P, # oo then gi*¢** from (19a) else (19b).
Step 3: when y!'s, < sT's; compute P, from (35) and if P, # oo then B¢ from (22a) else (22h).
Step 4: compute d,, by (9) and stop if d,, = 0.

Step 5: set z, = x;, + a,dy, where a;, = r™ with m to be the shortest positive number m so:

2
—F (i + yr™d )"y > oyr™ [ulld ]2 + (1 — w154 (41)

IF I

Step 6: if z, € 2 and ||F(z,)|| < € stop, else compute the point x,., from (6).
Step 7:letk = k + 1 and go to step 1.

4, GLOBAL CONVERGENCE

In the previous section, we gave a preface to the proof of convergence condition by establishing the
property of sufficient descent through lemmas 3.1 and 3.2. In the beginning, there are a set of assumptions
that we mention in this section, and then we move on to theories. Adding several lemmas for the step length
of the new algorithm. Now we need some assumption, to begin with, the proof of convergence condition,
which is illustrated thus:
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4.1. Assumption

Suppose F fulfills the following assumptions:
a) The solution group of (2) is non-empty.
b)  The function F is Lipschitz continuous, i.e.,

IFG) —FDI < Lllx—yll,vx,y € R* (42)
c) F satisfies,
(Fx) = F),x—y) = cllx —yll*,vx,y € R", c>0 (43)

4.2. Lemmal
Assume (x € R™) satisfy F(x) =0 and {x} is generated by the new algorithm GDDL-CG.
If lemmas 3.1 and 3.2, hold, then ||x4; — %1% < |lxx — %1% = %1 — x¢]I? , and

YemollXks1 — x|l < o0 (44)

4.3. Lemma 2
Suppose {x} is generated by the new algorithm GDDL-CG then:

Jim afld|l =0 (45)

Proof: since the sequence {||x; — ||} is not increasing; {x;} is bounded, and Igimllx,ﬁr1 — x¢ || = 0. From (3)
using a line search, we have:

|F(zi)T (x—zp)] _ |akF i) dg|
k41 — x|l = TIFGOE IF(z)ll = TiEeol = aglldell = 0 (46)

Then the proof is completed.

4.4. Theorem
Let {x,} and {z,} be the sequences generated by the new algorithm GDDL-CG then:

liminf ||F(x)|l =0 (47)
k—oo

Proof: case I: if lim inf ||d,|| = 0, then llm mf [|[F(x)]l = 0. The sequence {x,} has some accumulation

k-

point x such that F(x) = 0. Hence, {lek—xll} converges to x. Case Il: if liminf ||d|| > 0, then
k—oo
liminf ||F(x;)|l > 0. Hence llm ay = 0. Using the line search.
k—oo
~F e+ 1™ d) di > oyr™ [ulldell? + (1 = 0 1] (48)
And the boundedness of {x, }, {d,}, yields
—F(x)Td <0 (49)
From (17) and (23) we get:
—F(@)"d = p; [FII> >0 (50)

The (31) and (32) indicates a contradiction for i = 1,2. So, lim inf |[F(x;)|| > 0 does not hold and the
k—oo

proof is complete.

5. NUMERICAL PERFORMANCE

In this section, we present our numerical results that explain the importance of the new algorithm
GDDL-CG compared to the MDL-CG algorithm [19] using Matlab R2018b program in a laptop calculator
with its Core™i5 specifications. The program finds the results on several non-derivative functions through
several two initial points. In Table 1, we review the details of the initial points used to compare algorithms as
shown in Table 1.

A generalized Dai-Liao type CG-method with a new monotone line search for ... (Rana Z. Al-Kawaz)
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Table 1. Number of initial points

Name of variable Number
X1 (1,1,1,..,D)7
X, (rand, rand, rand, .., rand)T

Table 2. Information of test functions [20]-[26]

Name of functions Details Reference
F; Fi(x) = 2 x; — sin|x;| [21]
F Fi(x) = x; —sin(x;) [21]
F5 Fi(x)=e*i—-1 [22]
F, Fi(x) =+c(x —1), fori=23,..,n—1 [22]

1, 1
Fn(x) = EZ Xj —Z
=

=)
forc=1%10"5

Fs FiG) = InC g + 1) = 2 [20]
F, Fi(x) = min(min(jx,], x2), max(lx;], x3)) [23]
F7 cos(xq+x3) [24]

Fi(x) =x;, —e nt1
€OS(ig1 i +Xi—1)
Fi(x)=x;—e n+1 Jfori=23,..,n—-1
cos(xp—1+xn)
Fn(x) =x,—e n+1

i
Fi(x) = Ee"i -1
Fq Fi(x)=e" —1,F(x)=e*i—x_;—1 [20]
n

[21]

Fio | 20
FG) = ) Jul
i=1
Fiy - 25
Fi(x) = leil
i=1
o Fil0 = max|a] [25]
F, u L [25]
13 Fi(X) = leil e_2i=15‘“(xz)
i=1
Fiq n 29
Fi(x) = lei sin(x;) + 0.1 (x;)|
=1
Fis " -
Fi(x) = Z|xi|z+1
=1

The n-dimensional versions of these techniques are implemented here (1000, 2000, 5000, 7000,
12000). The stopping criterion is ||F(x;)|l < 1078. All algorithms of this kind may be distinguished from
one another based on their performance in terms of (Iter): the number of iterations, (Eval-F): the number of
evaluations of functions, (Time): in seconds measured by the CPU, and (Norm): the approximate solution
norm. In Table 2, we mention the details of the test problems F(x) = (fi, f2, fr - fu)T Used with the
references from which they were taken, the points x = (xq, x,, X3, ..., x,)7, and 2 = R7%.

08

o o
o @

Performance of |teration
e
~

é ~—DL-CG 03 ) « DLCG

Performance of Iteration
=
=

li f ~—MDLCG +MDLCG
02} 4 ~—GRA-DLm=5 | | i «  GRADLmM=5
H GRA-DLm=4 02 GRA-DL m=4
il GRA-DLmM=3 GRA-DLm=3
i GRA-DLm=2 0.1 ——+— GRA-DLm=2
GRA-DLm=1 GRA-DLm=1

ol
0 5 10 15 20 25 0 o 5 10 15
Tau Tau

Figure 1. Performance of the seven algorithms with respect to (Iter): (a) about x; and (b) about x,
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Using style for figures as in [19], the following three figures are for comparison between the old DL
and MDL algorithms with the new algorithm when switching the value of the generalization i.e., from 1 to 5 to
get 5 new algorithms. New algorithms are considered generalizations and can generalize to more than 5.
To accurately know the impact of algorithms, we drew the following figures.

Figure 1 shows the effect of the new algorithms when taking the iterations tool as a measure of the effect,
and the figure was divided into two parts, i.e., Figure 1(a) when calculating the point x;, and Figure 1(b) when
calculating the point x,. As for Figure 2, it shows the effect of the new algorithms when taking the function
number calculation tool as a measure of the effect, and the figure was divided into two parts, i.e., Figure 2(a) when
calculating the point x,, and Figure 2(b) when calculating the point x,. Finally, Figure 3 shows the effect of the
new algorithms when taking the time spent in calculations tool as a measure of impact, i.e., Figure 3(a) when
calculating the point x;, and Figure 3(b) when calculating the point x,.

o
w
o
©
e

o o
~ =)
1

o o
~ ]
ieesssssssses

o

=
o
o

o
s
o
'S

1 = DLCG
—=+—MDL-CG
GRA-DLm=5 | ]
GRA-DL m=4
GRA-DLm=3 |7
GRA-DL m=2
GRA-DL m=1

DL-CG
MDL-CG
GRA-DLmM=5
GRA-DLm=4
GRA-DLmM=3
GRA-DLm=2
GRA-DLm=1 ||

=
w
.

Performance of function evaluation
o o
w o
Performance of function evaluation
o
(5.
L

o
X
o
N

o
oS

1 2 3 4 5 6 7 1 15 2 25 3 35 4 45 5
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Through the use of the three figures, we can conclude that the new algorithms are superior to the
two algorithms with which we compared our work. Furthermore, we have discovered that the random starting
point with which we began our work brought to light the significance of the new algorithm when
generalizing m = 2 when calculating the number of iterations and was the best of the new algorithms when
calculating the number of times, the function is calculated. The algorithm with the value of m equal to one
performed the best and was superior to the others. In conclusion, when considering the amount of effort
invested in developing these algorithms, the two algorithms with m equal to 5 performed the best.
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6. CONCLUSION

Our numerical results in the previous section, represented by three numbers, show the efficiency of
the generalized algorithm GDDL when compared with the previous two algorithms. Its efficiency is better
when we take the randomly generated point as a starting point and this will increase the efficiency when the
dimensions used in the variables increase, which shows greater stability and makes the new generalized
algorithm more suitable than other previous algorithms for the existence of the limit containing the penalty
parameter in the new generalized algorithm. Theoretical proofs of the new algorithm give the proposed
algorithms more power than the previous algorithms. This is why these algorithms are considered successful
in both theoretical and numerical aspects.
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