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1. INTRODUCTION

Partial differential equation (PDE)-based methods have demonstrated notable efficacy as tools for
image restoration, offering various solutions to address challenges such as noise interference and low
resolution inherent in acquired images. Extensive exploration within this domain has led to the development
of numerous PDE-based techniques. Notably, edge sharpening elliptic methods are commonly associated to
shock filters [1], whereas selective smoothing models deal with anisotropic diffusion [2]-[4], fourth order
methods [5]-[7], fractional diffusion methods [8]-[10] and PDE-based variational approach [11]-[13].

To address the restoration of degraded images afflicted by both noise and blur, several PDE-based
techniques have been proposed, particularly for grayscale images, where diffusion is coupled with shock
filters [14]-[19]. This dual approach leverages diffusion to mitigate noise in homogeneous regions while
employing shock filters to enhance resolution through deblurring operations. However, the extension of such
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methods to color images has been relatively scarce [20]-[22], primarily due to the intricate interplay among
different color components, which poses challenges in effectively combining anisotropic diffusion and shock
filtering without introducing undesirable artifacts such as false colors artifacts. To overcome these
challenges, the development of vectorial methods tailored to the nuances of color images is imperative. This
paper presents a novel vectorial approach based on a semi-implicit numerical scheme that couples diffusion
with a shock filter to effectively denoise and sharpen color images afflicted by noise and blur simultaneously,
all while mitigating the risk of introducing color artifacts. Figure 1 shows the basic flow for denoising and
deblurring color images. The approach is applicable to a wide range of image restoration tasks, including the
digital restoration of degraded color documents, enhancement of consumer photographs affected by sensor
noise and slight motion or defocus blur, medical color imaging where images are often noisy and blurred,
satellite and aerial imaging subject to atmospheric degradation, surveillance and security systems operating
under poor lighting conditions, as well as underwater and low-illumination environments.
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Figure 1. Flow based approach for denoising and blurring color images

2. RELATED WORKS

Tschumperlé and Deriche [20] introduced a diffusion-shock filter coupling mechanism
incorporating a reactive term. This model considers the correlation among all color components within an
image by employing two novel directions [23], where diffusion and shock terms are computed using shared
directions across all image components. The model uses decreasing functions of the common gradient
magnitude, which is computed using the Di Zenzo norm [23]. The proposed filter yields satisfactory
outcomes by effectively reducing noise and improving the quality of color images. Nevertheless, despite its
use of a vector-based approach, the shock filter may still produce erroneous colors in certain instances [21].

Bettahar et al. [21] subsequently developed a vectorial diffusion-shock filter coupling model
specifically tailored for color image enhancement. This model incorporates single vectors representing the
gradient magnitude and second derivatives to establish connections among various color components within
the image. In the Bettahar filter, a nonlinear reaction-curvature diffusion process is employed. The model is
composed of two terms: the first ensures selective smoothing that reduces noise in homogeneous regions of
the image, while the second corresponds to a simple shock filter [21].

On the other hand, to denoise and deblur low-resolution images, Xiao et al. [22] introduced a novel
approach for image super-resolution and enhancement. To ensure the smoothness and effectiveness of the
shock filter at image edges, Xiao’s model combines an edge-stopping function with a forward diffusion
process. It is important to note that in [22], the authors addressed the problem of color image processing
without comparing their method to the most relevant PDE-based algorithms for color images [20], [21].
Instead, their focus was on marginal variations of existing methodologies, which are known to be inefficient
for color images [21].

3. PROPOSED MODEL

To advance the efficacy of shock filter-diffusion coupling schemes for color image sharpening and
denoising, we introduce a model designed to efficiently enhance edges while removing noise, drawing upon
prior methodologies, and preserving the integrity of shock locations. Our approach amalgamates modified
curvature diffusion with a shock filter. The model is founded upon the following principles:

Up, = |Vu| div (g (IVugsl) TVLuzI’) -« (Max-g (IVugl )) (up - vp) O
Vp, = —Sign (Gy * upy) ||7up|
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where v, (t) denotes the the immediately preceding value of the component wu,(t), the index p = 1,2,3
corresponds red, green and blue color respectively of the restored image, and u,(0) = u,,, is the input image
referring to the component p and v,(0) = v,,,. The symbol = denotes the convolution operator; G, is the
Gaussian function with the standard deviation gand u, is the smooth version of the image u using the
Gaussian kernel. The parameter « is a constant that highlights the balance between the diffusion process and
the schoc filter. w,),, is the second derivative of the image in the gradient direction n. g(|Vu,|) is a decreasing
function of gradient magnitude (|Vu|) of the smooth image u,,.
1

g(||7ua|)=w @)

K2

where the constant K is a parameter that controls the degree of the smoothing. Max is the maximum value of
g([Vu,]|) in the neighbour of a given pixel.

To analyze the correlation among all components of the color image, while also considering the
individual behaviour of each component, the proposed model employs two different approaches for
computing the gradient norm. A marginal approach is used to compute the gradient (Vu, in the divergence
function and the shock filter terms, while a common vector norm |Vu| is utilized to estimate the gradient
magnitude of the smoothed version of the color image by using Di Zenzo norm:

Vu| = /213,=1||7u,,|2 3)

Furthermore, to ensure a closer relationship among all components, we estimate the smoothed
second derivative u,, in the computation of the sign function as follows:

— 3
Uy = Zip=1Up,, (4)

2 2
upxxupx+2upxyupxupy+upyyupy

_ (®)

14 2 2
nm upx+upy

The term a(Max — g(|Vu,|)) represents a balance between the diffusion process and the shock
filter producing selectively smoothed regions and sharpened edges with (u,_v,) as a reactive term. Initially,
the value of v, is computed using the second equation; subsequently, v, is introduced in the first equation.
Consequently, within stationary color regions, the gradient norm |Vu,| is weak, yielding a value that tends
towards 1 to the function g(|Vu,|). In this case, a(Max — g(|Vu,|)) tends towards 0 and shock filter effect
is suppressed. Diffusion term then smooths noise across all image components using shared vectors. In the
case of edges, a(Max — g(|Vu,|)) takes value tending toward Max and the difference (u,_v,) will be
amplified by this factor. As a result, shocks are generated according to the magnitude of |[Vu,|. Therefore,
the process functions as diffusion filter in smooth regions, eliminating noise, and as a shock filter at region
boundaries, enhancing edges without introducing color artifacts.

4, NUMERICAL IMPLEMENTATION

Finite difference schemes are employed to compute the required derivatives. Thus for values of p
equal to 1, 2, and 3, the discrete image u,, is represented as a vector [1 X MN], where the components u,;,
ie[1, ..., MN] correspond to the gray-level intensity at the respective pixels. Each pixel i associated with a
spatial location x;. Let h denote the discretization grid size. Discrete times t;,, = tk are employed, where k is

a positive integer that determines the number of iterations and 7 is the time step. upif, vpf, |\7up|f, |7ulk,
|Vu,|¥, gk ,Maxk, (up’;n)i, (u,?n)i, and signf denote approximations of w, (x;, tx), v, (x;, ti.), |V, |, [Vul,

[Vugsl, g(|Vugl), Max, U, and sign (G, * uyy) respectively.

u
17! 17171
In the context of implementing temporal derivatives concerning component p, the following
numerical schemes are adopted:

k+1 k

Uy, =T (6)
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b = vp @)

Firstly, we compute the second equation in the proposed model:

v+l _ g K k
L =—signi-‘||7up|i (8)

T
As mentioned in the methodology, v, is the previous value of w,,. it follows that:

k+1 _ ., k
Vpi Up

L= —sign¥|vu, |i{ 9)

T

Subsequently, we are able to establish:

k+1 _ ., k c ook k
v = Uy — TSign g ||7 Up |i (10)

During each iteration, the image vp;‘“ will be injected into the first equation within the proposed
model. For the implementation of |V7u,,| in the shock equation, we use the following scheme:

2 2
ko1
7w, =+ \/(m (&’f upk, 62 uﬁ)) + (m <6f u,k, 82 uﬁ)) (11)

where 6 and & are backward and forward differences of upi,‘ in x direction and 67 and &7 are backward
and forward differences of upf in y direction. m(a, b) is the minmod function:

sign (a) min (Jal,|b]) ifab >0
m(a,b) = (12)
0 otherwise
For the discretisation of the second derivative u, , we use central differences to discretize all
n
derivatives such as:

2 2
k k k k k k k
Up (upx) +2 upxy Up, upy + upyy (upy)

u = 2 2 (13)
P (upk) "+ (“vﬁ)

On the other hand, a semi-implicit scheme with harmonic averaging is used to approximate the
quasi-divergence term [18], [24]:

. Vu 2 (qu —up:.()
rat v (9 (17 222) = 1Pt By et 2 a9
(—k>+( 3 L)
9j gi
w (i) consists of the four neighbours pixels of pixel i and
k 2
Pulf = [Sicpesn Ziea (|72, ) (15)
k 2
7ol = [Sieesn Zea (|72 | ) (16)
l
1
gf = (7)

2
1+ |‘7u0'|£c
kq
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Taking into account that vp;‘ = up;‘, we can obtain the numerical scheme:

D U 2 (upf et _
T = i Zajew(i) |Vua|§g IVuaI{-"' h2
7 )
j i
k k .k k
a (Max ¥ — gk) (up;“r1 — upi,‘ + Tsignk|v u, |l) (18)
Thus
k+1 _ | Vu |{c ) . 2 k+1
upi =T h2 Z}EW(!) <|Vu0-|;€> (|Vu¢r|{-(> pj
x|t 3
9j 9gi
[vu|¥ 2 k k k+1
—T| e Ziew (nmaj-‘) <|\7ua|{-‘) ta(Maxt - gi) |
+
gk gk
k k k K\ i K k
+ (1 + ta (Max ¥ — g )) upi,‘ —t?a (Max ¥ — gf) sign¥ |Vu, |i (19)

Therefore, by using the matrix-vector notation [3], [18], we can obtain at each iteration k the
solution u’,§+1 from the following semi-implicit scheme:

uktl = T A W) uktt + (I+ ta B W) uk — t2a B W") Sgn W) |V u, |k (20)
Consequently, by decomposing the matrix A into x and y directions, the following expression is deduced:
(I =7 Yiepeyy At W) ) ul*t = ((1 + ta B (W) uk — 1% a B (u¥) Sgn (M) |V u, |k) (21)

I denotes the unit matrix. The matrix 4; (I € {x,y}), B and Sgn have components which are provided as
follows:

[vu ¥ 2

hZ - (1uglf\ (ruglk
gj gi

a: (uk) = | v |i,€ 2 . . (22)
V! —%Zmewl(i)m - a (Max{ - gf) j=i
Dol (Iruali
( gk >+( a¥ )
0 otherwise
w; (i) represents the two neighbouring pixels with respect to the direction (I € {x,y}).
i Maxf —gf  i=j
bij(uk) = (23)
0 otherwise
signk i=j
8 () = (24)
0 otherwise

However, the solution cannot be directly determined from the (20). Instead, it requires solving a
linear system of equations. Its solution is formally expressed as:

uktt = (1- T Yiepeyy Ar () )_1 ((I + ta B W) uk — 1% a B (u*) Sgn (u¥) ||7 u, |k) (25)
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It is notable that the matrix expressed as:

M = (I =t Liepeyy A (W) (26)
is invertible, because it is strictly diagonally dominant. i.e.,

[ my | > Ej¢i| my; | (27)

5. RESULTS AND COMPARISON

A performance comparison is conducted between the proposed model and the methods of
Tschumperlé-Deriche, Xiao, and Bettahar. Parameter selection is guided to achieve optimal results for each
filter. The values of these parameters are detremined empirically. The number of iterations is determined
according to visual quality assessment, and, for each test image, the same number of iterations is used across
all methods to ensure a fair comparison. Regarding the time step t, a small value is chosen to improve
precision while preserving fine details in the restored images. All models are applied to blurred and noisy
images. Artificial blur is introduced via Gaussian convolution of the original test images, and noise is added
by injecting random Gaussian noise into the blurred images. The implementation was carried out using the
Python programming language on a gaming personal computer (PC) with an Intel core i7-8750 central
processing unit (CPU) operating at 2.20 Ghz. In Figures 2 to 7, subfigures (a) to (f) correspond to the original
image, blurred and noisy image, image restored using the Tschumperlé-Deriche filter, image restored using
the Bettahar filter, image restored using the Xiao filter, and image restored using the proposed filter,
respectively. For objective evaluation, the peak signal-to-noise ratio (PSNR) and structural similarity index
(SSIM) are employed [25].

Figure 2 depicts the window image after blurring and noise addition, resulting in a PSNR of 29.53 dB.
For the proposed filter, the parameters are setto 0 = 1, K = 3, @ = 20, and T = 0.05 with 100 iterations for
all filters. All methods effectively smooth noise in homogeneous regions. However, the Tschumperlé-
Deriche filter exhibits a slight edge enhancement with residual false colors at edge locations, while the Xiao
model produces residual false piecewise-constant artefacts in smooth regions, leading to the loss of small
details. In contrast, the proposed filter accurately preserves edges without introducing false colors, as
illustrated by a portion of the window image in Figure 3. Additionally, both the proposed method and
Bettahar model yield good results. However, the Xiao method distorts shapes (sheets and red flower) by
curving them. The model performs smoothing by applying only the directional diffusion term perpendicular
to the gradient to the image. Notably, the proposed method achieves a higher PSNR than the competing
models, which is further confirmed by the MSSIM values in Table 1.

Figure 2. Enhancement of window image: (a) original image, (b) blurry and noised image, (c) Tschumperlé-
Deriche filter, (d) Bettahar filter, () Xiao filter, and (f) proposed filter
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1348 O ISSN: 1693-6930

(b)
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Figure 3. A part of window image: (a) original image, (b) blurry and noised image, (c) Tschumperlé-Deriche
filter, (d) Bettahar filter, (e) Xiao filter, and (f) proposed filter

Table 1. The PSNR and SSIM for the various methods and the used images

Tschumperlé-Deriche filter ~ Bettahar filter Xiao filter The proposed filter
PSNR SSIM PSNR SSIM_ PSNR SSIM  PSNR SSIM
Window 30.50 0.861 30.84 0.873 30.72 0.856  31.05 0.876
Face 35.59 0.858 3575 0.859 3519 0.851  35.80 0.862
Flowers 33.91 0.754 3450 0.763 3337 0.759  34.88 0.767

The second experiment considers the blurred and noisy face image, with an initial PSNR of 32.48 dB
(Figure 4). The proposed filter the parameters are set to 0 = 1, K =4, a = 20, and 7 = 0.02 with 200
iterations for all filters. While all models effectively reduce noise, closer inspection of local details (Figure 5)
reveals notable differences. The Tschumperlé-Deriche method leaves residual false colors along the glass
borders, whereas the Bettahar model produces a slimming effect on the white border of the cask. The Xiao
method, by contrast, yields a cartoon-like appearance. The proposed approach efficiently enhances edges

while smoothing noise in homogeneous regions, achieving the best PSNR and SSIM values among the
compared methods (see Table 1).

% ‘:“;?
®

“A

Figure 4. Enhancement of face image: (a) original image, (b) blurry and noised image, (c) Tschumperlé-
Deriche filter, (d) Bettahar filter, () Xiao filter, and (f) proposed filter
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(@) (c)
(d) () ()
Figure 5. A part of face image: (a) original image, (b) blurry and noised image, (c) Tschumperlé-Deriche
filter, (d) Bettahar filter, (e) Xiao filter, and (f) proposed filter

~(b)

For further comparison, Figure 6 presents the flowers image after blurring and noise addition, with
an initial PSNR of 31.71 dB. The proposed filter, uses the parameters ¢ = 1, K = 4, a = 40, and 7 = 0.02
with 150 iterations for all filters. This experiment confirms the trends observed previously. As shown in
Figure 7, the Tschumperlé-Deriche method introduces false colors along the borders of the yellow flower and
the sheets, while the Xiao model distorts them by curving. Both the Bettahar and the proposed models deliver
comparable visual quality, and outperform the Tschumperlé-Deriche and Xiao approaches. Nevertheless, the
proposed filter achieves superior PSNR and SSIM values (see Table 1).

Figure 6. Enhancement of flowers image: (a) original image, (b) blurry and noised image, (c) Tschumperlé-
Deriche filter, (d) Bettahar filter, (e) Xiao filter, and (f) proposed filter

A vector-valued PDE model unifying anisotropic diffusion and shock filter for ... (Said Karoui)
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Figure 7. A part of flowers image: (a) original image, (b) blurry and noised image, (c) Tschumperlé-Deriche
filter, (d) Bettahar filter, (e) Xiao filter, and (f) proposed filter

6. CONCLUSION

We propose a semi-implicit scheme that combines a shock filter with curvature-based diffusion for
the simultaneous enhancement of color images degraded by noise and blur. The proposed model enables
selective smoothing, effectively suppressing noise while preserving and sharpening edges. Experimental
analysis demonstrates that the proposed method outperforms existing color image restoration approaches
without introducing false color artifacts, achieving superior performance in terms of PSNR and SSIM.
Despite these advantages, the semi-implicit scheme exhibits certain limitations. The performance of the
model is sensitive to parameter selection, where inappropriate choices may result in insufficient noise
removal or excessive edge sharpening. Moreover, the model parameters remain fixed during evolution and do
not adapt to local image content, which may reduce robustness across diverse image types. The iterative
solution of the underlying PDEs also incurs a relatively high computational cost, limiting applicability to
real-time or large-scale scenarios. Future work will focus on incorporating adaptive and data-driven
parameter selection strategies to improve robustness. The integration of explicit blur modeling and multi-
scale processing is expected to enhance performance under severe degradation. Furthermore, hybrid PDE-
variational and learning-assisted frameworks may further improve texture preservation, computational
efficiency, and overall restoration quality under real-world conditions (e.g., real camera noise and motion blur).
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