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Abstract

One of the main issues of concern in financial mathematics has been a viable method for
obtaining analytical solutions of the Black-Scholes model associated with Arithmetic Asian Option (AAO).
In this paper, a proposed semi-analytical technique: Adomian Decomposition Method (ADM) is applied for
the first time, for analytical solution of a continuous arithmetic Asian option model. The ADM gives the
solution in explicit form with few iterations. The computational work involved is less. However, high level of
accuracy is not neglected. The obtained solution conforms with those of Rogers and Shi (J. of Applied
Probability 32: 1995, 1077-1088), and Elshegmani and Ahmad (ScienceAsia, 39S: 2013, 67-69). Thus, the
proposed method is highly recommended for analytical solution of other versions of Asian option pricing
models such as the geometric form for puts and calls, even in their time-fractional forms.
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1. Introduction

In financial settings, option contracts are great tools for hedging and speculative
leveraging. Thus, Asian option has its payoff being determined specifically by the corresponding
underlying asset for a prescribed period of time (not on the price of the underlying). This makes
it a unique form of option contract over other forms. Asian options are classified as path
dependent [1-8] when compared with the other forms of options in practice such as lookback,
American, European among others. Asian options are basically of two forms namely: the
Arithmetic Asian Option (AAO), and the Geometric Asian Option (GAO) which is distinguished
for a closed form solution.

However, obtaining closed form solution of the Arithmetic Asian Option has been a
difficult task in the theory of option pricing [9-10]. This issue of concern has attracted the
attention of so many authors and researchers leading to the development of solution techniques
to that effect [11-17]. Meanwhile, other analytical, numerical, approximate or semi-analytical
techniques of interest related to this study are those of [18-29]. Despite all these approaches,
there is vital need for a more effective and efficient methods of solution which may be
numerical, analytical or semi-numerical.

In this work, the Adomian Decomposition Method (ADM) is proposed as a
semi-analytical method (for the first time in literature), for obtaining analytical solution of a
continuous arithmetic Asian model for option pricing. The remaining parts of the paper are
organized as follows: a brief remark on pricing model for Asian option is presented in section 2.
The proposed ADM as method of solution is presented in section number 3; application and
illustrative examples are presented in section 4. Lastly, concluding remark is contained in
section 5.

2. The Pricing Model for Asian Option
Let the stock price at time {, denoted as S(t) assumed to follow a Geometric

(Exponential) Brownian Motion (GBM) be governed by the stochastic differential equation (or
dynamic) of the form:
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dS(t)=S(t)(rdt+odW(t)) , t [0,0) )

with the following defined parameters: ¢ a volatility (or percentage) coefficient, and a mean rate
of return, I, where W(t), 0<t<T is a standard Wiener process. Then the payoff function for

an Asian option [29-31] having an Arithmetic Average Strike (AAS) is defined and
denoted by:

a(m)-{0.s1)-2fs(e)ec | o

0

The price of the option at 0<t<T regarded as a risk-neutral framework for option pricing
formulation is denoted as:

Q(t)=E(exp(-r(T-1))Q(T)|F) (3)

where E() represents mathematical operator in expectation form and Ft a filtration.

The payoff function, Q(T) is path-dependent. So, the introduction of the following
stochastic process [27]:

{I(t):

where the function | (t) is regarded as the strike price running sum. Whence, the associated

S(s)ds, S(0)=S, )

©

model for Asian call option price is:

N, 1z 82Q+rSaQ+S@—rQ=0.

a2 &5 ©)

Model (5) is solved by Q=Q(S, |,'[) when considering the continuous form of arithmetic

average strike. At =1, (5) acts as a particular case of the notable time-fractional

0
Black-Scholes option pricing model, besides the averaging term: (Sa—? . To obtain the
solution of this model, development and adoption of numerical, approximate or semi-analytical
methods will be considered [21-23]. It is obvious that (5) is a 3-dimensional model, so it will give
computational problem. Therefore, the following transformation variables are introduced to
reduce it to ta lower dimensional form [2, 24]:

Q(S,1,t)=sh(t,y),

|
S=k——.
4 T

(6)

As aresult, (5) becomes:
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h(T.v)=0(v).

Show in (7) is now in 2-dimensional form. Through the relation in (6), the solution shall be
applied to obtain the price of the Asian option.

3. The Analysis of the Adomian Decomposition Method [20, 21, 23]
Consider a general nonlinear nonhomogeneous partial differential equation of the form:

Hn(x,t)+Rn(x,t)+Nn(x,t)=¢(xt) ®)

where H is a differential operator (of first order ) in t, the differential operator, R is regarded

as linear, the differential operator, N signifies the nonlinear term, while the source term is
t

denoted as ¢(X,t). Suppose L(-):H(-) is invertible such that Lt_l(-):J.(-)dS exists,
then (8) becomes: i

Lp(xt)=p(xt)—(Rip(x,t)+Nrp(x ). )

So, operating L;l () on both sides of (9) gives:

n(xt)=9(x)+ ‘1{¢(x,t)}—L;1{(R77(x,t)+Nn(x,t))} (10)
where S(X) represents the term arising from the application of the initial conditions
depicted as:

I(x) =§ pt', (11)

p, = initial conditions.

By decomposition method, the solution, U(X,t) is expressed as a sum of infinite series
given as:

n(xt) =Z;77n (x,t) (12)

where the nonlinear term is defined as:
N(n(xt))=D A, (13)
m=0

In (13) the Adomian polynomials, An are defined as follows:
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35

m!ov™ i=0

thus, using (12) and (13) in (10) gives:

iﬂm X)+ L {h(xt)}- Ltl{(N(iAanrR(inm(x,t)n} (15)

Hence, 77('[, X as the required solution is obtained through the recursive system (relation):

{770 9(x h(x,t)}

Mot = nn)+N(A1))},n20

il
o

(16)

and 77 t X |s finally given as follows:
n(xt)= Iim[z%]. 17)
m—o0 m=0

4. Applications and Illustrative examples
Here, the analytical solution(s) are considered based on the proposed ADM.
Consider (5) via (6, 7) in the following form:

a \T 7)oy 277 3y (18)
h(0.p)=g(y).

In an operator form, (18) becomes:
Lh= ( +I'l//j L,h- O'ZU/IZLW/
h(0.y)=o(y).

19)
So, operating L[_l () on both sides of (19) gives:
L'h= (T + n//j -1(|Wh) oy’ (L, h). (20)

1 1
= h(w,t):(?m//j L;l(l_,/,h)—aazy/zL;l(LWh). (21)
By decomposing h(l//,t), we have:

Zﬂ(x,t):h(x,o) G+rwj [ (Zm xtjj ;olwzgl(gw,(:zom(x,t)n, (22)
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Thus,

9o :g(y/,O),

Ons =(1+rwj L (L 8)-5 0L (L, 0,).n >0

T

Therefore, the recursive relation in (23) yields:

hy =h(y.0)

hl{%Hl//jLtl(g,ho)—%azwzhl(hywho)
h2=(%+erLtl(g,m)—%azwzkl(wwh)
b2 L (L) S0 (L,h)
h4:(_Il_Jrn//jL;l(l_,yhg)—%vzwzl—?l('whs)
hs:(%Hy/jL;l(l_,yh4)—%02!//2Lfl(|wywh4)

The following are obtained by subjecting (18) to:

h(y,0)= % (1—e‘rT )— we .

1(1
=—| Z+ry |te™, h =—=|=+ry |rt%e™,
L (T ‘”j TS

=—=| Z+ry |r't’e"” h === Liry |rte
alt T T T !
1 1 445 1T 1 546 4—1T

=——| Z+ry |r'te", =——| =+ry [rte",
5!(T ‘”j =gl

11 647 4—IT 1 748,—1T
1 1 849 1T 1 9410 41T

=——| Z+ry |[rt%e™, =—— ree,
9!(T "’j & 10!( j

with a general recursive relation:

h = _%(% + ry/j r*tke™™, k>1.

(23)

(24)

(25)

(26)

(27)
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Hence,

B I - tzr t’r? t'r? 1 o

((rT)’l(l—exp(—r ))-wexp(- T)

L NG LW R

r 21 3l T

= %(l—exp(—rT))—y/e‘”j %|=l ( +fl//j
(1-exp(—rT))-ye 'T]——(— i(—J +W/
epl-m)ve | teer) v fe

(1 exp(—r(T —t)))—y/er(”)), w <0. (28)

Il I

_|||—\ AP ﬁ||—\

Il
TN

Meanwhile, from (6) we recall that:

{Q(S,I,t):Sh(t,y/),

wST =KT —1.
= Q(S,1,1) :(%(—exp(—r(T —t))+1)—(k —leexp(—r(T —t))j : (29)

Show in (29) gives the required solution of (5) (in analytical form) corresponding to the
continuous arithmetic Asian option (CAAQ) pricing model.

5. Conclusion

In this paper, we have successfully applied a proposed semi-analytical method:
Adomian Decomposition Method (ADM) for obtaining analytical solution of the continuous
arithmetic Asian option model. The application of ADM to the CAAO pricing model is done for
the first time. The method involved less computational work without compromising the level of
accuracy. The works of Rogers & Shi [1], and Elshegmani & Ahmad [2] serve as yardsticks to
this current work.The proposed semi-analytical method is highly recommended for analytical
solution of other versions of Asian option pricing models such as the geometric form for puts
and calls. In addition, other financial PDEs resulting from stochastic dynamics can be
considered via this approach. Future related work can involve the use of coupled ADM,
restarted ADM, and the Laplace-Sumudu ADM (LSADM) for accuracy and speed comparison.
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Acknowledgements
The authors express thanks to Covenant University for all forms of support. Also, the
efforts of the anonymous referees are appreciated.

Adomian decomposition method for analytical solution of a ... (S.0. Edeki)



872 m ISSN: 1693-6930

References

(1]
(2]
(3]

(4]

(5]
(6]
[7]
(8]
(9]
(10]
[11]
[12]
(13]
[14]
[15]

[16]

[17]
(18]

[19]

[20]

[21]
[22]
(23]
(24]
[25]
(26]
[27]

(28]
[29]

Rogers LCG Z, Shi Z. The value of an Asian option. Journal of Applied Probability. 1995; 32,
1077-1088.

Elshegmania ZA, Ahmad RR. Solving an Asian option PDE via the Laplace transform. ScienceAsia.
2013; 39S, 67-69.

Edeki SO, Ugbebor OO, Owoloko EA. On a dividend-paying stock options pricing model (SOPM)
using constant elasticity of variance stochastic dynamics. International Journal of Pure and Applied
Mathematics. 2016; 106 (4): 1029-1036.

Gonzalez-Gaxiola O, Edeki SO, Ugbebor OO, de Chavez JR. Solving the Ivancevic pricing model
using the He's frequency amplitude formulation. European Journal of Pure and Applied Mathematics.
2017; 10 (4): 631-637.

Falloon W, Turner D. The evolution of a market in managing energy price risk. Risk Books, London,
UK, 1999.

Kemna AGZ, Vorst ACF. A pricing method for options based on average asset values. Journal of
Banking and Finance. 1990; 14, 113-129.

Allahviranloo T, Behzadi Sh S. The use of iterative methods for solving Black-Scholes equations. Int.
J. Industrial Mathematics. 2013; 5 (1): 1-11.

Barucci E, Polidoro S, Vespri V. Some results on partial differential equations and Asian options.
Math. Models Methods Appl. Sci. 2001; 11 (3): 475-497.

Geman H, Yor M. Bessel process. Asian options and perpetuities. Mathematical Finance. 1993; 3(4):
349-75.

Vecer J. A new PDE approach for pricing arithmetic average Asian option. Journal of Computational
Finance. 2001; 4, 105-113.

Zhang J. Theory of continuously-sampled Asian option pricing, (working paper) City University of
Hong Kong, (2000).

Chen K, Lyuu Y. Accurate pricing formula for Asian options, Journal of applied Mathematics and
Computation. 2007; 188, 1711-1724.

Elshegmani ZA, Ahmad RR, Zakaria RH. New pricing formula for arithmetic Asian options using PDE
approach, Applied Mathematical Sciences. 2011; 5, 77: 3801-3809.

Kumar A, Waikos A, Chakrabarty SP. Pricing of average strike Asian call option using numerical PDE
methods, arXiv:1106.1999v1 [g-fin.CP], 2011.

Zhang B, Yu Y, Wang W. Numerical algorithm for delta of Asian option. The Scientific World Journal,
Volume 2015, Article ID 692847, 6 pages, http://dx.doi.org/10.1155/2015/692847.

Edeki SO, Motsepa T, Khaligue CM, Akinlabi GO. The Greek parameters of a continuous arithmetic
Asian option pricing model via Laplace Adomian decomposition method. Open Physics. 2018; 16,
780-785.

Elshegmani ZA, Ahmad RR. Analytical solution for an arithmetic Asian option using mellin transforms.
Int. Journal of Math. Analysis. 2011; 5 (26): 1259-1265.

Agbolade OA, Anake TA. Solutions of first-order volterra type linear integrodifferential equations by
collocation method. Journal of Applied Mathematics. 2017; Article ID: 1510267.

Rompas PTD, Manongko JDI. A numerical modeling for study marine current in the Manado Bay,
North Sulawesi. TELKOMNIKA Telecommunication Computing Electronics and Control. 2018; 16(1):
18-24.

Singh R, Saha J, Kumar J. Adomian decomposition method for solving fragmentation and
aggregation population balance equations. Journal of Applied Mathematics and Computing. 2015; 48,
(1-2): 265-292.

Khuri SA. A Laplace decomposition algorithm applied to a class of nonlinear differential equations. J.
Appl. Math. 2001; 1(4): 141-155.

Gu Y, Gong M, Li H. Application of remote sensing axis line method in Xiaomiaohong Creek.
TELKOMNIKA Indonesian Journal of Electrical Engineering. 2014; 12 (5): 3323-3330.

Biazar J, Goldoust F. The Adomian decomposition method for the Black-Scholes Equation, 39 Int.
Conf. on Applied Math. and Pharmaceutical Sci. 2013; 321-323,Singapore.

Edeki SO, Ugbebor OO, Owoloko EA. A note on Black-Scholes pricing model for theoretical values of
stock options, AIP Conference Proceedings. 2016, 1705, Article number 4940288.

Bishop SA, Anake TA. Extension of continuous selection sets to non-lipschitzian quantum stochastic
differential inclusion. Stochastic Analysis and Applications. 2013; 31 (6), 1114-1124.

Singh BK, Srivastava VK. Approximate series solution of multi-dimensional, time fractional-order
(heat-like) diffusion equations using FDRM. Royal Society Open Science. 2015; 2, 140511.

Shreve S. Stochastic calculus for finance, Vol. Il: Continuous-Time Models, Springer-Verlag, 2004.
Howison S, Dewynne J. The mathematics of financial derivatives, Cambridge University Press, 1995.
Higham DJ. An introduction to financial option valuation: mathematics. Stochastics and computation,
Cambridge University Press, 2004.

TELKOMNIKA Vol. 17, No. 2, April 2019: 866-872


http://dx.doi.org/10.1155/2015/692847

