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Abstract
An upper uniform smooth approximation function of absolute value function is established, meanwhile, some properties are listed. Then, absolute value equation (AVE) Ax - |x| = b, where A is an arbitrary square matrix whose singular values exceed one, is transformed into smooth optimization problem by using the upper uniform smooth approximation function, and solved by quasi-Newton method.
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1. Introduction
Consider the absolute value equation (AVE):
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. Mangasarian O.L et al. shown that AVE (1) is NP-hard in general form. Hence how to solve the AVE directly attracts much attention [1]. 
Based on a new reformulation of the AVE (1) as the minimization of a parameter-free piecewise linear concave minimization problem on a polyhedral set, Mangasarian [2] proposed a finite computational algorithm that is solved by a finite succession of linear programs. In the recent interesting paper of Mangasarian [3-4], a semismooth Newton method is proposed for solving the AVE, which largely shortens the computation time than the succession of linear programs (SLP) method. It showed that the semismooth Newton iterates are well defined and bounded when the singular values of 
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 exceed 1. However, the global linear convergence of the method is only guaranteed under more stringent condition than the singular values of 
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 exceed 1. Mangasarian [5] formulated the NP-hard n-dimensional knapsack feasibility problem as an equivalent absolute value equation in an n-dimensional noninteger real variable space and proposed a finite succession of linear programs for solving the AVE (1). 

A generalized Newton method, which has global and finite convergence, was proposed for the AVE by Zhang et al.[6]. A smoothing Newton algorithm to solve the AVE (1) was presented by Louis Caccetta [7]. The algorithm was proved to be globally convergent and the convergence rate was quadratic under the condition that the singular values of 
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 exceed 1. This condition was weaker than the one used in Mangasarian [3-4]. Recently, AVE (1) has been investigated in Jiri Rohn [8-10], Yong et al. [11-12], and Noor et al. [13]. The latest literatures were listed in [14-17].
In this paper, by replacing the absolute value function by a smooth one, called upper uniform smoothing approximation function, the non-smooth AVE is formulated as smooth nonlinear equations, furthermore, an unconstrained smooth optimization problem, and solved by quasi-Newton method. 

Upper uniform smoothing approximation function of absolute value function is given, and its properties are studied in section 2. Non-smooth AVE is formulated as a smooth nonlinear equations, furthermore, an unconstrained smooth optimization problem; meanwhile, some lemmas for AVE that will be used later are given in section 3. Quasi-Newton method to AVE is proposed in section 4.  Effectiveness of the method is demonstrated in section 5 by solving some randomly generated AVE problems with singular values of 
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 exceeding 1. Section 6 concludes the paper. 
All vectors will be column vectors unless transposed to a row vector. For 
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 the 2-norm will be denoted by ||x||, while |x| will denote the vector with absolute values of each component of 
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2. Upper uniform smoothing approximation function of absolute value function
Definition 2.1 A function 
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Obviously, absolute value function 
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Theorem 2.1  Let 
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Proof  (i)
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Figure 1-3 show 
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 Figure 1.  
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From above, we can see that  
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3. Smoothing approximation function of AVE and its properties
Define 
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It is clear that 
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 is a solution of the AVE (1) if and only if 
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 is a non-smooth function due to the non-differentiability of the absolute value function. In this section we give a smoothing function of 
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 and study its properties. We first give some lemmas which will be used in the next section.

Lemma 3.1 [1]  (i) The AVE (1) is uniquely solvable for any 
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Lemma 3.2 For a matrix 
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(i) The singular values of 
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Lemma 3.3[11]   Suppose that 
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Definition 3.1 [11] A function 
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Clearly, 
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Theorem 3.1 Suppose that 
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Proof  Note that for any 
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Hence, by Lemma 3.4, we have 
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Theorem 3.2 Let 
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If we denote 
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Theorem 3.3 Suppose that 
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Proof  For any  
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Following we give quasi-Newton method for solving 
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4.  Quasi-Newton method for AVE

In this section, we give a quasi-Newton method for solving 
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Algorithm 4.1  Quasi-Newton method for AVE
Step 1. Given 
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Step 2. Apply quasi-Newton method to solve 
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Step 3. Check whether the stopping rule is satisfied. If satisfied, stop. 

Step 4. Let 
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Remark. 

(i) Unconstrained optimization algorithms often use BFGS or DFP method. These algorithms are simple and easy. (ii) The origin of formula 
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5. Computational Results
In this section, some numerical tests are performed in order to illustrate the implementation and efficiency of the proposed method in MATLAB R2009a. Throughout the computational experiments, we set 
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, and we set the random-number generator to the state of  0 so that the same data can be regenerated.
Problem 1. Let 
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 be a matrix whose diagonal elements are 500 and the nondiagonal elements are chosen randomly from the interval 
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is the unique solution. Numerical results of this problem are presented in Table 1.
Problem 2. Let the  matrix 
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Problem 3. Consider some randomly AVE problems with singular values of 
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 exceeding 1 where the data (A, b) are generated by the Matlab scripts:

rand('state',0);R=rand(n,n);
A=R'*R+n*eye(n,n);b=(A-eye(n,n))*ones(n,1);
The numerical results are shown in Table1.
Table 1.Computational results by Algorithm 4.1
	n
	Elapsed time (second)

	
	Problem 1
	Problem 2
	Problem 3

	8
	1.9156e-001
	2.2138e-001
	4.6614e-001

	16
	1.7614e-001
	3.3228e-001
	3.1517e-001

	32
	2.9504e-001
	4.0457e-001
	4.5155e-001

	64
	3.8578e-001
	9.2178e-001
	8.0741e-001

	128
	6.0386e-001
	1.7888e+000
	1.9551e+000

	256
	1.8785e+000
	6.8506e+000
	6.5793e+000

	512
	1.1017e+001
	3.2385e+001
	3.2306e+001


6. Conclusion 
A new upper uniform smooth approximation function of absolute value function is established, then smooth method for solving absolute value equation is given. The effectiveness of the algorithm is demonstrated by solving some randomly generated problems. The method is more faster than that proposed in [11]. 
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